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8.1 Introduction

For many problems of practical interest, it is necessary to estimate settlements under
conditions in which the induced stress varies spatially. The first steps in the analyses of
such problems usually involve estimations of the initial states of stress in the soil and of the
changes in these stresses during loading and as the soil again approaches equilibrium. Two
methods of analysis have commonly been followed.

The first may be termed the method of limiting equilibrium. In this method, the stresses that
would cause failure are calculated and the applied stresses are compared with the failure
stresses to determine a factor of safety against complete failure. The method provides no
information about deformations or states of stress within the soil mass. This method of
analysis is used to determine the bearing capacity of a foundation or the stability of a slope.

In the second method of analysis, the shearing stresses in the soil are assumed to be so much
less than the shearing strength that the soil can be treated as an elastic continuum and the
stresses and deformations can be calculated using the theory of elasticity. This method of
analysis is usually applied in the calculation of the immediate and consolidation settlements
of foundations because the factor of safety of such foundations against a bearing capacity
failure is usually greater than three.

The first method of analysis is reasonably accurate when the soil is in a state of incipient
failure and the second method is reasonably accurate for applied stresses that are small
compared with the stresses that would cause failure. In many foundation problems a certain
amount of plastic deformation occurs even though the factor of safety against a total shear
failure is satisfactory; thus neither approach is really correct. The finite element method of
analysis is being used in attempts to solve these problems but the method has not been
developed to such an extent that it can be used for routine analysis of problems in foundation
engineering.

In this set of notes the assumption is made that the soil can be treated as an elastic body
without excessive error, and the stresses and deformations are calculated for a variety of
boundary and initial conditions. The solutions are presented in a sequence starting with the
most simple idealizations for both the loading and the media and progressing toward the most
complex.

In presenting the solutions it is soon discovered that just a simple tabulation of equations

would require a prohibitive amount of space. As a result, no attempt is made to present all of
the solutions presently available. Certain solutions, that are considered of most practical
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value, are presented and papers in which the more complete solutions are published are
referenced.

The theoretical solutions give total stresses in a weightless elastic medium. Total stresses are
given because the soil is assumed to be a continuum. Their resolution into effective stresses
and pore water pressures is a separate problem not considered in terms of the theory of
elasticity.

The assumption that the medium is weightless simplifies the theoretical analyses and the
form of the resulting equations. The actual state of stress is found by superimposing the
stresses calculated for the weightless medium on the initial state of stress in the soil prior to
application of the load.

The soil is generally assumed to be isotropic and linearly elastic so that its properties can be
described using only two parameters. In most of the solutions it will be convenient to use
Young's modulus, E, as one of the parameters and Poisson's ratio, n, as the other.

8.2 Notations and Definitions

The notation and sign conventions to be followed in this chapter are illustrated in Fig. 8.1
which depicts an elementary cube of soil at the origin of a Cartesian coordinate system.

A sign is given to each plane surface of the cube. A plane is positive if its outwardly directed
normal points in a positive direction. Positive directions are indicated by the arrows on the
axes. In Fig. 8.1, the exposed planes normal to the x and y axes are positive whereas the
exposed plane normal to the z axis is negative.

Normal stresses are indicated by the symbol G. A single subscript is used to denote the
orientation of the stress. Thus, a subscript x indicates that the stress is parallel to the x axis.
Compressive stresses are positive. Thus, the stress normal to a positive plane acts in the

S

Fig. 8.1 Notation and Sign Conventions in a
Cartesian Coordinate System

opposite direction of the positive, parallel axis of the coordinate system, i.e., in the negative

V4
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direction. Subscripts 1, 2, and 3 will be used to indicate the maximum, intermediate, and
minor principal stresses, respectively.

Shearing stresses are denoted by the symbol T. A dual subscript is used. The first letter of the
subscript designates the plane in which the shearing stress acts by stating the axis that is
normal to this plane. The second subscript designates the axis parallel to the shearing stress.

Thus, Txy denotes a shearing stress parallel to the y axis in a plane perpendicular to the x axis.

A shearing stress is positive if it acts in a positive plane in a negative direction. This odd
definition of the sign of a shearing stress results from the definition that compressive stresses
are positive. The sign of shearing stresses will not be of interest in the text to follow so the
odd definition will not cause any difficulties.

The symbols e and D will be used for linear strains and deformations, respectively. The
subscript notation will be the same as used for normal stresses.

8.3 Homogeneous, | sotropic, Weightless, Linearly Elastic Half Spaceswith
Plane Horizontal Surfaces

8.3.1 Vertical Point Load at the Surface

The solution to the problem of calculating the stresses in an elastic half space subjected to a
vertical point load at the surface will be of value in estimating the stresses induced in a
deposit of soil whose depth is large compared to the dimensions of that part of the surface
that is loaded. Thus, individual column footings or wheel loads may be replaced by
equivalent point loads provided that the stresses are to be calculated at points sufficiently far
from the point of application of the point load. The sizes of the errors involved in applying
the point-load equations will be discussed subsequently.

Equations for the stresses and strains induced in a homogeneous, isotropic, weightless,
linearly elastic half space, with a plane horizontal surface, by a point load perpendicular to
the surface and acting at the surface, was first solved in usable form by Boussinesq (1885).
The geometry of the problem is shown in Fig. 8.2.

For most practical analyses of the settlement behavior of soils, it is assumed that the volume
of the soil is controlled exclusively by the vertical stress, G,. The vertical stress is given by:

3P z3 3P 3 P
e 5F Ao COS B=I; (8.1)

°z2= 2n R5 T 2mR2

where I is termed an influence factor.
One of the several reasons for assuming that the soil consolidates in response to the change in
vertical stress is the relative simplicity of the equations, which do not contain Poisson's ratio.

The assumption is likely to be most accurate in the soil directly beneath the center of the
surface load, which is the zone of most interest in settlement analyses.
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Fig. 8.2 Symbols Used in the Equations
For a Point Load Applied at the Surface

Hand calculations of the vertical normal stress are usually performed using tabulated values
of the influence factor. Values for this, and other influence factors have been published by
Gilboy (1933), Terzaghi (1943, pp. 481-484), Taylor (1948, p. 253), and many others. The
influence factor from Eq. 8.1 is shown as a function of the ratio (1/z) in Fig. 8.3.

-1.5
0.0 0.1 0.2 0.3 0.4 0.5

Fig. 8.3 The influence factor as a function of the ratio (r/z) from a
vertical point load at the surface
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The distribution of G, in the elastic medium is apparently radially symmetrical. The stress is
infinite at the surface directly beneath the point load and decreases with the square of the
depth. At any given non-zero radius, r, from the point of load application, the vertical stress is
zero at the surface, increases to a maximum value at a depth where ¢ = 39.25 deg. (Jumikis,
1964), and then decreases with depth. At any given depth the distribution on a horizontal
plane is bell shaped with the volume under the bell equal to P.

Although, for practical analyses, interest is usually restricted to the vertical normal stress, it
may be of interest in some problems to estimate values for other normal stresses, and for
shearing stresses. Pertinent equations follow:

_P | A D
Ox = g R> ~ (1-2v) Rr2(R+z) + R312 (8.2a)

P (v Yl
Gy = o 3 R5 - (1-2V) er(R+Z) + R3r2 (82b)
Pl 1z Rz
Or = o _3 R5 - (1'2\/) RI'Z (820)
Pr 1 z z
Ot = o _(1—2\/) rz - R3 - er (82d)
3P rz2
Tz = on RS (8.2¢)
3P z2x
Tzx = 5 E (8.29)
3P 72
Ty = o (3.2¢)
Trt = Ttr = O (82h)

Influence diagrams could be presented to show the spatial distribution of these normal and
shearing stresses but the large number of equations, the fact that some of the stresses vary
with Poisson's ratio, and the limited practical interest, suggest that it will be more efficient to
apply the equations directly whenever the need arises.

Occasionally it may be of interest to estimate the induced principal stresses in a weightless
medium. If three orthogonal sets of normal and shearing stresses are known, associated with
some cartesian coordinate system x-y-z, then the principal stresses are the three roots of the
equation:

03-I162+ho-13=0 (8.32)
where:
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I1=0ox+ oy + oz (8.3b)
2 2 2
Ip= OxOy * OyOz + 670x - rxy - Tyz " T (8.3¢)
2 2 2
I3 = OxOy0z + 2TxyTszzx - Gx’tyz -0y T, -0z Txy (8.3d)

For the particular case of the point load, all planes containing the line of action of the point
load, i.e., all vertical planes through the point load, are principal planes by reason of
symmetry. Thus, the r-t-z coordinate system is used and one of the principal stresses is given
by Eq. 2d. The other two principal stresses are the roots of:

1
c=75 [(GZ- or) \/ (02- csr)2 + (2’Erz)2J (8.4)

In the special case that Poisson's ratio is 0.5 the equations for the principal stresses reduce to
the following simple forms:

3P z
61 (v=05) =57 R3 (8.52)
o2 (v=0.5) = 03 (v=0.5) =0 (8.5b)

The maximum principal stress is directed along the radius vector R.

It must be emphasized that the calculated principal stresses are for a weightless medium. In
real media the stresses produced by a concentrated load are superimposed on an existing
stress field so that the real principal stresses will have neither the values nor the orientations
that have been calculated. Actual principal stresses can be estimated by inserting the sums of
the initial and induced stresses into Eq. 8.3a and then finding the roots.

The deformations are given by the following equations:

P 1+v [ 22 2
Az=50 T 1-vIg (8.6a)
_Pltv[xz x
P 1tvlyz y
_ D Itvirz r

Because of symmetry, the tangential deformation is zero.
Most of the equations for stresses and deformations induced by a vertical point load were
presented because solutions for many other loadings have been obtained by integration of the
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equations for point loads. For practical work the equations of most interest are for the vertical
stress, the vertical deformation, and perhaps for the maximum shearing stress. Occasionally
the equations for the principal stresses are of interest. For most of the loadings, solutions will
be presented for only these parameters.

8.3.2 Vertical point load applied within the medium

For most practical problems in foundation engineering the load is applied at some depth
within the soil, not at the surface. In attempting to estimate the induced state of stress in the
soil it may be of interest to be able to calculate the stresses induced in an elastic half space by
a point load applied at some finite depth. This problem was solved by Mindlin (1936). The
geometry of the problem is shown in Fig. 8.4. The following equations give the pertinent
stresses and deformations:

P
Oz = m [F1 -Fr+F3+Fy +F5] (8.7a)
where
(1-2v)(z-c)
Fi=tp (8.7b)
Ry
1-2v)(z-
Fy= ﬁ_v%z_c) (8.70)
Ry
3(z-c)3
F3 = 5 (8.7d)
Ry
By = 3(3-4v)(Z)(z+c);-3c(z-c)(52-c) 8.7¢)
Ry
30cz(z+c)3
Fs = ﬂ?—CL (8.79)
Ry
__Pr |1-2v 1-2v  3(z¢)®2 3(3-4v)(2)(z+c)-3c(3z+c)  30cz(z+c)?
WzT gn(lvy| 3 7 3 " 5 5 - 7| (87g)
R Ry Ry Ry Ry
B P (3-4v)  8(1-v)2-(3-4v)  (z-c)?2  (3-4v)(z+c)?-2cz  6cz(z+c)?
A= JenG(v) | Rt T Ry T 3 * 3 * 5
1 2 2
(8.7h)

Equations for other stresses and deformations will be found in Mindlin (1936).
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Fig. 8.4 Geometry of the Problem Solved by Mindlin

According to Eq. 8.7a the vertical normal stress is a tensile stress for the part of the medium
with r/c less than about 0.6 and z ranging from 0 to c. In the case of a real soil, these induced
tensile stresses are superimposed on top of compressive stresses so that the resulting total
stress may be compressive throughout much of this zone provided that the concentrated load
is of small magnitude or buried deeply. The zone immediately above the point load will
always be subjected to an absolute tensile stress, however, and the zone just below the point
load to an infinite compressive stress. St. Venant's principle is applied and Mindlin's
equations are used to calculate stresses and deformations at points sufficiently far removed
from the point of application of the load so that the difference between the stresses induced
by the real loading over a small area and the stresses theoretically induced by a point load do
not differ materially. St. Venant's principle will be discussed further subsequently.

The tensile stresses in the elastic medium above the point of application of the load cause the
vertical normal stresses to be more widely distributed than they would be if the point load
had been applied at the surface. Accordingly, the vertical normal stresses in the medium at
finite non-zero distances directly beneath the point load must be smaller when the point load
is buried than when it is at the surface. Such a comparison is shown in Fig. 8.5 where an

influence factor equal to G ¢2/P is plotted versus r/c for a plane at a depth of 0.5¢c beneath a

vertical point load. The influence of the medium between depths of 0 and ¢ on the stresses at
greater depth is taken into account with the Mindlin solutions but not in the Boussinesq
solution.
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Fig. 8.5 Comparison of Influence Factors for the Vertical Compressive
Stress at a Depth of 0.5¢ Below a Vertical Point Load, for the Point
Load at the Surface (Boussinesq) or Buried at a Depth ¢ (Mindlin).

For the Boussinesq case the point load is at the Surface; for the Mindlin case the point load is
at a depth ¢ and Poisson's Ratio is 0.333. In both cases, the stresses are computed at a depth
0.5c below the point load.

As the depth of burial of the point load increases, the induced stresses approach those for a
point load buried in an infinite medium. The solution for the state of stress in an indefinitely
extended, weightless, homogeneous, isotropic, linearly elastic medium was first obtained by
Kelvin in 1848 and have been reported by Timoshenko and Goodier (1951, pp. 354-356) and
others.

8.3.3 Horizontal point load at the surface

According to Todhunter and Pearson (1893, Part II), solutions for the stresses and
deformations in a semi-infinite, homogeneous, isotropic, weightless, linearly elastic medium
with a plane, horizontal surface, acted upon by a horizontal point load applied in the surface,
were first obtained by Cerruti (1882) and Boussinesq (1885). More recently, various of the
solutions have been reported by Vogt (1925), Westergaard (1940), Mindlin (1936), and Holl
(1941). The equation for the vertical stress is:

35 xz?
where S is the applied force and the other symbols are as defined in Fig. 2. Equations for
other stresses will be found in the afore mentioned references.

It is interesting to note that the vertical normal stress is again independent of Poisson's ratio.
Calculations show that the vertical normal stress directly beneath the point of application of
the horizontal force are considerably smaller than those induced by a vertical force of the
same magnitude so that the horizontal component of surface forces are often ignored in
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calculating the vertical normal stresses.
8.3.4 Oblique point loads at the surface

Because of the assumption that the medium is linearly elastic, the stresses induced by oblique
point loads at the surface are obtained simply by adding the stresses calculated for the
vertical and horizontal components of the oblique force.

8.3.5 Horizontal point loads applied within the medium

Equations for the stresses and deformations induced by forces applied within the elastic
medium parallel to the surface, have been presented by Mindlin (1936).

8.3.6 Vertical lineload at the surface

Equations for the stresses and deformations induced in an elastic half space by a line load of
infinite length acting normal to the plane surface can be developed by integrating
Boussinesq's solutions for the point load. Solutions attributed to Mitchell (1899) and Melan
(1919, 1932) have been presented by Timoshenko (1934), Gray (1936, Newmark (1940),
Holl (1941), and others. The geometry of the problem is shown in Fig. 8.6.

Fig. 8.6 Geometry of the Problem Involving a Uniform Line Load
of Infinite Surface at the Surface

The pertinent normal stresses are given by the following equations:
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2p x2z
ox= T % (8.9a)
_ 2pv z
Oy=02=""12 (8.9b)
2p z3
Oz = —HE R4 (8.9¢)
_ . _2pz
OR=01= " 12 (8.9d)
ct=03=0 (8.9¢)

Again, the stress of greatest practical interest is probably Gz. Because the stresses from the

infinite line load are effectively distributed in only one horizontal direction, as opposed to
two for the point load, the vertical normal stresses beneath the line of application of the load
decrease only with the first power of the depth, and at any give depth are distributed more
widely than for the point load, the vertical normal stress does not depend on Poisson's ratio.

The applied principal stresses are easily calculated in the problem. The maximum principal
stress acts along the radius vector R. As for all subsequent plane strain problems, the
intermediate principal stress acts parallel to the y axis.

Because of symmetry, the shearing stress in all planes normal to the y axis must be zero. The
orthogonal shearing stress is:

2p xz?
2= = r (8.10a)

The maximum shearing stress at any point is:
z
Tmax = E R2 (8.10b)

The foregoing equations are of value in estimating the response of a soil to a surface loading
by a long narrow footing. The equations are somewhat simpler to use than those to be
developed subsequently for rectangular strip loads but, of course, cannot be applied in the
immediate vicinity of the strip footing.

For some settlement analyses it is of interest to calculate the change in vertical normal stress
caused by a line load of finite length. Fadum (1948) integrated Boussinesq's solution for a
surface point load to obtain the following equation for the vertical stress at a depth z under
one end of the line load:
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_p LA 1 1 ) .
%z = 2m X2'|'Z2 A 'X2+22+L2 X2+Z2+L2 + X2+22 ( 11)

The coordinate system is the same as that used for the infinitely long line load. The stress is
calculated at the point x,0,z for a line load extending from 0,0,0 to 0,L,0. Stresses at other
points are calculated according to the principle of superposition. Thus, if the vertical stress in
a plane at a distance y' beyond the end of a line element of length L is to be calculated, the
following equation would be applied:

Oz(L) = 0z(L+Y') - O2(y') (8.12)

where the symbols 6,(L), 6,(L+y'), and G,(y") indicate the vertical stresses at a depth z and
coordinate x, calculated using Fadum's equation for line elements of lengths L, L+y' and y'
respectively.

8.3.7 Horizontal lineload at the surface

Cerruti's solutions for stresses induced by a point shearing force applied at the surface were
integrated by Holl (1941) to obtain solutions for the stresses induced by horizontal line loads
applied at the surface.

8.3.8 Horizontal and vertical lineloadswithin the medium

Equations for the stresses induced in an elastic medium by line loads applied within the
medium have been presented by Melan (1932).

8.3.9 Vertical stress covering half the surface

Equations have been developed to give the stresses and deflections caused by vertical loads
distributed across the area defined by 0<x<oo, -c0o<y< +o0, and z = 0, i.c., covering half the
surface. For purposes of settlement analyses, these equations are mainly of use for estimating
the states of stress near the edges of wide fills. Unfortunately, these are precisely the zones
where the shearing stresses are likely to be so high that the assumption of linear elasticity for
the soil is unacceptable. In any case, the equations were obtained by simply integrating the
Boussinesq solutions for point loads and thus do not take into account the influence of the
flexural properties of the fill on stress distribution. The equations for both stresses and
deformations were developed by Carothers (1920, 1924) and have been tabulated for ready
reference by Gray (1936) and Holl (1941).

8.3.10 Strip loadings

The term strip loading will be used to indicate a loading that has a finite width along the x
axis but an infinite length along the y axis. Solutions have been obtained by Carothers (1920)
for a variety of distributions of stress across the width of the strip. In this section, only the
equations pertaining to a uniform load and a semi-embankment load will be considered.
Equations for other distributions of load will be found in Gray (1936) and Holl (1941). The
solutions do not take into account the flexural properties of the embankments.

Uniformly loaded strip. The geometry of the problem is shown in Fig. 8.7. The loading is
intended as a first approximation of the loading applied by a long wall footing. The following
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equations give the normal stresses in the directions of the coordinate axes:

Ox = E (o -sin a cos 2f) (8.13a)
2pv
Oy="[ « (8.13b)
6,=E (a+si 2 8.13
z= 1 (a+sinacos 2p) (8.13¢)
2b
’<> uniform pressure = p
ra X
| -
Y
y
p
_>
Y
z
Fig. 8.7 Geometry of the Problem Involving a Uniform Strip

Load of Infinite Length at the Surface

Influence factors for the stresses in the x and z directions have been presented by Jurgenson
(1934) and those for the y direction are easily calculated. Influence factors for the vertical
stress are plotted in Fig. 8.8.

The shearing stresses are:

Tz = = sinasin2p (8.14a)

Tmax= = sina (8.14b)

The principal stresses are:

01=_~ (o +sina) (8.15a)

O3 =

Ao dro

(o -sina) (8.15b)
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Fig. 8.8 Influence factors for the vertical compressive stress beneath a uniformly loaded,

infinitely long, strip.

The intermediate principal stress is Oy.

Equations for the strains in the vertical direction (Gray, 1936) can be integrated for finite
depths of subsoil to obtain estimates of deformations.

Semi-embankment. The geometry of this problem is shown in Fig. 8.9.

a b
-t >|< >

1777777777777 77 7777777777777 7777477777777

a B Rz

Fig. 8.9 Geometry Involved in the Equations for a Semi-Embankment Loading
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The loading simulates part of an embankment with one sloping edge and one edge bounded
by a vertical plane. Equations have been derived for the more general case of unsymmetrical
embankments with sloping edges by Carothers (1920) but are too long to be repeated here.
For the semi-embankment the stresses in the directions of the three Cartesian coordinate axes
are:

az R

Ox = }I% af + xa+ —5 (x-a-b) + 2z ln(R—zj (8.16a)
Ry

2pv R1

o= {aB Fxa+z 1n(R—2)} (8.16b)
az

0= ;I% af} + xa- 75 (x-a-b) (8.16¢)
Ry

The influence diagram for the vertical stress at any depth z directly beneath the vertical edge
of the semi-embankment (Osterberg, 1957) is shown in Fig. 8.10. If the induced vertical
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Fig. 8.10 Osterberg's Influence Chart for a Semi-Embankment Loading

stress is to be estimated beneath the central part of an embankment, then the embankment
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loading diagram is split by a vertical plane, parallel to the axis of the embankment, and
passing through the point where the stress is to be estimated. The plane cuts the embankment
into two semi-embankments. The stresses are calculated for the two semi-embankments
separately and are added to obtain the total stress. Stresses at other locations are obtained by
suitable additions and subtractions of surface loadings.

Equations for the principal stresses, shearing stresses, and strains have been summarized by
Gray (1936).

8.3.11 Loading of circular areasat the Surface

Equations for stresses and deformations in a half space induced by loads applied over circular
areas at the surface are often used when the load is applied by circular storage tanks with
flexible bases, by circular or octagonal footings or by tires. The first solutions (Carothers,
1924; Love, 1929) were not in forms that could be used in engineering practice. Foster and
Ahlvin (1954) and Ahlvin and Ulery (1962) solved Love's equations and presented influence
diagrams and tables of coefficients, respectively, that allow the stresses and deformations to
be calculated using simple equations together with the coefficients from the graphs or tables.
For use in foundation engineering, the induced vertical stress would appear to be of main
interest. The variation of the induced vertical stress with respect to radius and depth, for a
uniform load applied over the circular area, is shown in Fig. 11. The stresses for non-uniform
applied loads that are symmetrical about the axis of the circular area may be calculated by
applying the principal of superposition. As for the strip loadings, the equations ignore the
flexural properties of the foundation and thus apply only to a perfectly flexible, frictionless
foundation subjected to the assumed distribution of stress.

For the special case of calculating the vertical compressive stress at some depth directly
beneath the centerline of a circular area subjected to a radially symmetrical distribution of
stress, it is a simple matter to integrate Boussinesq's equations for point loading to obtain a
solution. Solutions for various distributions of stress have been obtained by Foppl
(Cummings, 1936), Cummings (1936), Krynine (1936) and Harr and Lovell (1963, from
Egorov, 1958) . For the case of a uniform surface pressure, the vertical compressive stress
at a depth z beneath the center line is:

1
G,=p |1- |~ P/2 (8.17)
- G

where R is the radius of the loaded area.

Kezdi (1957) presented an equation for G, under the centerline of a uniformly loaded circular

area at a depth z and plotted G,/p versus z/R for values of z/R ranging from 0 to infinity.

The equations for the vertical deformation of the surface are of particular interest because
field plate loading tests are usually performed using circular plates. If the deformation is
measured in the field, the equations can be solved for a term which contains only the elastic
coefficients and which may be used in calculating the initial settlements of foundations in
that soil. The surface settlement for the case of a uniform pressure, p, applied over a circular
area of radius R, is (Boussinesq, 1885, p. 140):
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2(1-12
A,=pR JE—VZ I (8.18)

The influence factor equals 1.00 beneath the center of the plate and 0.637 beneath the edge.
Other values may be obtained from the solutions of Ahlvinand Ulery (1962), the influence
diagrams of Newmark (1947), equations by Schiffman (1963), or by direct solution of the
pertinent equations. For a saturated soil, Poisson's ratio may be assumed to equal to 0.5 and
Young's modulus may be calculated.

For a rigid circular plate, the deformation is (Newmark, 1940):

P (1-v3)
Az=5R T E (8.19)

where P is the total vertical force applied to the plate. The distribution of stress across the
base of the rigid plate was given by Boussinesq (Timoshenko and Goodier, 1951) as:

P

= 8.20
2nRA/R2-r2 ( )

P

where p is the contact pressure and r is the variable radial distance. Apparently, the contact
stress varies from half the average pressure at the centerline to infinity under the edge.

8.3.12 Uniformly loaded rectangular area at the surface

The stresses and deformations generated in an elastic half space by a uniform, normal,
surface pressure applied over a rectangular area, can be found by subdividing the rectangular
area into sufficiently small blocks and treating the stress applied by each block as a point load.
Theoretically exact solutions may be obtained by integration. Newmark (1935) performed the
integration and gave the following equation for the vertical normal stress beneath a corner of
the rectangular area:

Sz _ 1 22\
p " im Fl1+ R2) *sin F (8.21a)
where:
2ABzR
= J2R2+ A2B2 (8.21b)

R= /A2 +B2+ 22 (8.21¢)

where p is the uniform vertical pressure applied over a rectangular area of dimensions A by B
on a horizontal plane surface, and z is the depth beneath one corner to the point at which the
vertical normal stress is to be calculated. The entire right side of Eq. 8.21a can be considered
an influence factor dependent on two dimensionless factors: m = A/z and n = B/z. Since A
and B can be interchanged in Eq. 8.21a without changing the stress, it is apparent that m and
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n are also interchangeable. Values for the influence factor were calculated by Newmark
(1935) and have been presented in tabular or graphical form by Fadum (1948), Spangler
(1951), Taylor (1948), and others. Because of their usefulness, the influence factors have
been tabulated in Table 8.1 and presented graphically in Fig. 8.12.

Table 8.1. Influence Factors for the Vertical Compressive Stress Beneath One Corner of
a Uniformly Loaded RectangularArea at the Surface

m/n 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.1 0.005 0.009 0.013 0.017 0.020 0.022 0.024 0.026 0.027
0.2 0.009 0.018 0.026 0.033 0.039 0.043 0.047 0.050 0.053
0.3 0.013 0.026 0.037 0.047 0.056 0.063 0.069 0.073 0.077
0.4 0.017 0.033 0.047 0.060 0.071 0.080 0.087 0.093 0.098
0.5 0.020 0.039 0.056 0.071 0.084 0.095 0.103 0.110 0.116
0.6 0.022 0.043 0.063 0.080 0.095 0.107 0.117 0.125 0.131
0.7 0.024 0.047 0.069 0.087 0.103 0.117 0.128 0.137 0.144
0.8 0.026 0.050 0.073 0.093 0.110 0.125 0.137 0.146 0.154
0.9 0.027 0.053 0.077 0.098 0.116 0.131 0.144 0.151 0.162
1.0 0.028 0.055 0.079 0.101 0.120 0.136 0.149 0.160 0.168
1.2 0.029 0.057 0.083 0.106 0.126 0.143 0.157 0.168 0.178
1.5 0.030 0.059 0.086 0.110 0.131 0.149 0.164 0.176 0.186
2.0 0.031 0.061 0.089 0.113 0.135 0.153 0.169 0.181 0.192
2.5 0.031 0.062 0.090 0.115 0.137 0.155 0.170 0.183 0.194
3.0 0.032 0.062 0.090 0.115 0.137 0.156 0.171 0.184 0.195
5.0 0.032 0.062 0.090 0.115 0.137 0.156 0,172 0.185 0.196
10.0 0.032 0.062 0.090 0.115 0.137 0.156 0.172 0.185 0.196
0 0.032 0.062 0.090 0.115 0.137 0.156 0.172 0.185 0.196
m/n 1.0 1.2 1.5 2.0 2.5 3.0 5.0 10.0 0
0.1 0.028 0.029 0.030 0.031 0.031 0.032 0.032 0.032 0.032
0.2 0.055 0.057 0.059 0.061 0.062 0.062 0.062 0.062 0.062
0.3 0.079 0.083 0.086 0.089 0.090 0.090 0.090 0.090 0.090
0.4 0.101 0.106 0.110 0.113 0.115 0.115 0.115 0.115 0.115
0.5 0.120 0.126 0.131 0.135 0.137 0.137 0.137 0.137 0.137
0.6 0.136 0.143 0.149 0.153 0.155 0.156 0.156 0.156 0.156
0.7 0.149 0.157 0.164 0.169 0.170 0.171 0.172 0.172 0.172
0.8 0.160 0.168 0.176 0.181 0.183 0.184 0.185 0.185 0.185
0.9 0.168 0.178 0.186 0.192 0.194 0.195 0.196 0.196 0.196
1.0 0.175 0.185 0.193 0.200 0.202 0.203 0.204 0.205 0.205
1.2 0.185 0.196 0.205 0.212 0.215 0.216 0.217 0.218 0.218
1.5 0.193 0.205 0.215 0.223 0.226 0.228 0.229 0.230 0.230
2.0 0.200 0.212 0.223 0.232 0.236 0.238 0.239 0.240 0.240
2.5 0.202 0.215 0.226 0.236 0.240 0.242 0.244 0.244 0.244
3.0 0.203 0.216 0.228 0.238 0.242 0.244 0.246 0.247 0.247
5.0 0.204 0.217 0.229 0.239 0.244 0.246 0.249 0.249 0.249
10.0 0.205 0.218 0.230 0.240 0.244 0.247 0.249 0.250 0.250
0 0.205 0.218 0.230 0.240 0.244 0.247 0.249 0.250 0.250
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Fig. 8.12 Influence Diagram for the Vertical Compressive Stress Beneath One Corner
of a Uniformly Loaded Rectangular Area at the Surface

The vertical normal stress induced at any depth by the stress on a rectangular area located any

place on the surface can be found by suitable addition and or subtraction of the stresses
obtained using the foregoing solutions. For example, the stress at point A in Fig. 8.13 caused

by the stress applied over the area abcd, designated as G,(abed) is:

Gz(abcd) = 6,(ofcg) - 6,(ofbh) - 6,(cedg) + G(0eah)

f b c

AT

—v A

Fig. 8.13 Method of Calculating the Vertical Compressive Stress at Point A Caused by a
Uniform Stress Applied to an Area abcd
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Table 8.2 Boussinesq Influence Values for the Vertical Compressive Stress Beneath the
Center of Footings

Depth-

Width |Round Rectangular with L/ W Ratios as Shown

Ratio

1 1 1.25 1.5 2.0 5 0

0.02 100 100 100 100 100 100 100
0.04 100 100 100 100 100 100 100
0.06 100 100 100 100 100 100 100
0.08 100 100 100 100 100 100 100
0.10 99 99 99 99 99 100 100
0.12 99 99 99 99 99 99 99
0.14 98 98 98 98 99 99 99
0.16 97 98 98 98 99 99 99
0.18 96 97 98 98 98 98 98
0.20 95 96 97 97 97 98 98
0.22 94 95 96 96 97 97 97
0.24 92 94 95 95 96 96 97
0.26 90 92 94 94 95 96 96
0.28 88 91 93 93 94 94 95
0.30 86 89 91 92 93 94 94
0.32 84 87 90 91 92 93 93
0.34 82 85 88 90 91 91 92
0.36 80 84 86 88 90 90 91
0.38 77 82 85 87 88 89 89
0.40 75 80 83 85 87 88 88
0.42 73 78 81 84 86 87 87
0.44 71 76 80 82 84 85 86
0.46 69 74 78 80 83 84 85
0.48 66 72 76 79 81 83 84
0.50 64 70 74 77 80 82 83
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Depth-

Width | Round Rectangular with L/W Ratios as Shown

Ratio

1 1 1.25 1.5 2.0 5 0

0.52 62 68 73 76 79 80 81
0.54 60 66 71 74 77 79 80
0.56 58 64 69 72 76 78 78
0.58 56 62 68 71 74 77 77
0.60 54 61 66 69 73 75 76
0.62 52 59 64 68 71 74 75
0.64 50 57 63 66 70 72 73
0.66 49 55 61 65 68 71 72
0.68 48 54 59 63 67 70 71
0.70 46 52 58 62 66 69 70
0.92 33 38 43 47 52 56 59
0.94 32 37 42 46 51 56 58
0.96 31 36 41 45 50 55 57
0.98 30 35 40 44 49 55 56
1.00 29 34 39 43 48 54 55
1.02 28 33 38 42 48 53 54
1.04 27 32 37 40 46 52 53
1.06 26 31 36 39 45 52 53
1.08 25 30 35 39 44 51 52
1.10 25 29 34 38 43 50 51
1.12 24 28 33 37 42 50 50
1.14 23 28 32 36 41 49 50
1.16 23 27 32 35 40 48 49
1.18 22 26 31 34 40 48 48
1.20 21 25 30 34 39 47 48
1.22 21 25 30 33 38 46 47
1.24 20 24 29 32 38 46 46
1.26 20 23 28 32 37 45 46
1.28 19 23 28 31 36 44 45
1.30 19 22 27 30 36 44 45
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Depth-

Width | Round Rectangular with L/W Ratios as Shown

Ratio

1 1 1.25 1.5 2.0 5 0

1.32 18 22 27 30 35 43 44
1.34 18 21 26 29 34 43 44
1.36 17 21 25 29 34 42 43
1.38 17 20 24 28 33 42 42
1.40 16 20 24 28 32 41 42
1.42 16 19 24 27 32 41 41
1.44 15 19 23 27 31 40 41
1.46 15 18 23 26 31 39 40
1.48 15 18 22 25 30 39 40
1.50 14 18 22 25 29 38 39
1.85 10 13 17 19 22 30 33
1.90 10 12 16 18 21 30 32
1.95 9 11 15 16 20 29 31
2.00 9 11 15 15 19 28 30
2.25 8 10 13 15 18 27 29
2.10 8 10 13 15 18 27 29
2.15 8 9 12 14 17 26 28
2.20 7 9 12 14 16 26 28
2.25 7 9 12 14 16 26 27
2.30 7 8 11 13 15 25 27
2.35 6 8 11 13 15 24 26
2.40 6 8 11 12 14 23 25
2.50 6 7 10 12 13 23 25
2.60 5 7 9 11 12 22 24
2.70 5 6 8 11 12 21 23
2.80 6 7 10 11 21 23
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Depth-

Width | Round Rectangular with L/W Ratios as Shown

Ratio

1 1 1.25 1.5 2.0 5 0

2.90 5 6 9 1.0 20 22
3.00 5 6 8 10 19 21
3.50 5 6 7 16 18
4.00 4 5 14 16
4.50 12 14
5.00 11 13
550 10 11
6.00 10 11
6.50 9 10
7.00 8 9

In the particular case that p is 4000 psf, oe is 20 ft., oh is 20 ft., ab is 60 ft., ad is 100 ft., and
z 18 40 ft., the stress is:

©,/4000 = 0.238 - 0.135 - 0.137 + 0.084 = 0.050

Thus, the vertical stress 200 psf.

The stress caused by a loaded area of any shape and subjected to any variation of vertical
stress can be obtained by suitable manipulation of the influence values and areas though, of
course, the solution becomes tedious for complex shapes or loadings. Because the solutions
were obtained by integrating the point load equations, they apply theoretically to a foundation
with a frictionless base and they do not account for any flexural strength for the foundation.

Computations for footing settlement typically utilize the stress directly beneath the center of
the footing. For convenience, the influence factors for that case (uniform pressure,
Boussinesq case) are tabulated in Table 8.2.

For a flexible rectangular footing, the deflection of the surface can be estimated by
integrating the equation for the deflection of the surface due to a point load. The surface
deflection beneath the corner of a rectangular area is given by the following equation
(Schleicher, 1926):

B 1-v2 1+ 4/1+22
A= B2 [x In (Lj +1n(r+ 1422 )} (8.22)

A

where A = L/B and L is the length of the rectangular footing and B is the width. Since the
medium is assumed to be linearly elastic, the deflection of the surface at any point can be
obtained by suitable additions and/or subtractions of stresses over rectangular areas with Eq.
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8.22 applied for calculation of the settlement under one corner of each such area. The
calculation is similar to that discussed for calculating vertical stresses using Eq. 8.21a. Asa
matter of convenience, the equation for surface deflection can be rewritten as:

(8.23a)

where B is again the width of the rectangular footing and I is an influence factor. Values for
the influence factor are presented in the following table for the center of the loaded area,
centerline of the long edge, and corner, and for a rigid footing.

Vogt (1925, referenced by Giroud, 1968) gave solutions for the settlement of one corner of a
square area subject to either uniform normal or shearing stresses. For the uniform shearing
stress:

Influence Factors
L/B Center Edge Corner Average Rigid
Footing

1 1.12 0.76 0.56 0.95 0.82

2 1.53 1.12 0.76 1.30 1.12

5 2.10 1.68 1.05 1.82 1.6

10 2.56 2.10 1.28 2.24 2.0

Az=1B ﬂﬂ%& 0.18 (8.23b)

where 7 is the shearing stress.

Giroud (1968a) presented influence factors for vertical surface displacements at various
points under a loading diagram consisting of a frustrum of a pyramid with a rectangular base.

8.3.13 Newmar k's method

The foregoing equations and tables can be used conveniently if the shape of the loaded area is
geometrically simple. In some problems the surface loading may cover an area with irregular
boundaries, or be discontinuous, or involve variable contact pressures, in which cases
application of the foregoing procedures can lead to unnecessarily long calculations. In some
of these cases, the most efficient method for estimating the stresses may be a graphical
procedure developed by Newmark (1942, 1947).

The vertical normal stress at some point in the subsoil caused by a uniform stress applied
over an area at the surface can be found from an equation such as: o, = Ip where p is the
uniform surface pressure and I is an influence factor which depends on the shape, position,
and orientation of the loaded area, and the depth to the point where the stress is to be
calculated. It is possible to subdivide the entire surface into areas such that each area has
the same influence factor, i.e., so that the stress at the point in the soil equals the number of
such areas that are loaded multiplied by the applied stress and the influence factor. A plan
view of the surface, suitably subdivided, could be drawn to a proper scale and placed over a
foundation plan and the number of loaded subdivisions of the surface then counted. It is
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simpler, however, to prepare a single such influence diagram to a convenient scale and then
prepare site plans at the required scales.

Such an influence diagram is shown in Fig. 8.14 (Newmark, 1942). A foundation plan is

prepared to a scale F where:

F=sq/sf=L/z (8.24)
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Fig. 8.14 Influence Chart for Computation of Vertical Stress Based on
Boussinesq's Assumptions (after N. M. Newmark)

and sq is a distance on the foundation plan view, sgis a distance in the field, L is the length of
the line shown on the influence diagram for scale, and z is the depth to the point where the
stress is to be calculated. When using the diagram, the foundation plan view is drawn to the
scale given by Eq. 8.24, placed over the influence diagram so that the point where the stress
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is to be calculated lies directly under the center of the influence diagram, and the number of
subdivisions of the influence diagram that are covered by the foundations are counted. The
vertical stress at the point is then the multiple of the influence factor, the number of
subdivisions covered, and the average applied pressure. Thus, if the influence factor is 0.002
and a 5000 psf surface loading covers 20 of the subdivisions, the induced vertical pressure is
(20) (0.002) (5000) = 200 psf. The induced vertical pressure at any other position at the same
depth is found in the same manner just by shifting the position of the foundation plan on the
influence diagram and counting covered subdivisions again.

If there are N different pressures applied at the surface, then:

N
Oz = z n; p]'I (8.25)
=

where nj indicates the number of subdivisions of the influence diagram covered by the
foundations applying the pressure p;.

If stresses are to be calculated at k different depths, it is necessary to prepare k different
foundation plans, each drawn to the appropriate scale.

Since the boundaries of the surface loading are unlikely to match, precisely, the boundaries of
the subdivisions in the influence diagram, it is necessary to estimate the percentage of some
of the subdivisions that are covered. The accuracy of this procedure is improved by using
charts with many surface subdivisions, and small influence factors, but the time involved in
the counting procedure also increases.

Newmark (1942, 1947) presented charts that allow all stresses and deflections to be
calculated.

8.3.14 Saint Venant's Principle

According to Saint Venant's principle, a complex distribution of applied stress (or
deformation) can be replaced by a simpler one, for the purpose of simplifying the calculations,
provided the stresses are calculated at points sufficiently far removed from the area where the
stresses are applied. Thus, if a uniformly loaded circular area is treated as a point load for
purposes of analysis, the error in the calculated value of o, will be large near the point load
but will diminish with distance. The problem is to determine how far the point in the soil
must be from the stressed area before the error becomes acceptably small. The distance
depends on the size of the error considered acceptable and on the difference between the real
applied stresses and the idealized loading.

The magnitude of the errors can be estimated by comparing the stresses caused by several
different idealizations of the applied stresses. For example, the vertical normal stress induced
in an elastic half space by a stress, p, applied uniformly over a square area of dimensions SxS
can be compared with the stresses produced by a point load of magnitude P = pS?2 placed at
the center of the area occupied by the square footing. If o5 is the stress caused by the
square footing and o,p 1is the stress caused by the point load, then the error involved in

assuming the stress applied by the square footing and the point load are equal may be defined
as:
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Ei1= P

This error is plotted versus depth in Fig. 15a for points beneath the center of the square
footing, under the centerline of an edge, and under a point a distance of 0.5S out from the
centerline of an edge. Apparently, the error is negligible for depths greater than twice the
footing width (see also Krynine, 1936).
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Fig 8.15 Spatial Distribution of the Error in Vertical Normal Stress that Results from the
Assumptions that the Uniform Pressure on a Square Footing of Width S can be

Replaced by a Point Load of Magnitude qS? where q is the Uniform Footing
Pressure
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In cases where the stress caused by a number of foundations are to be determined, it may be
of interest to know the error in terms of the proper stress at that depth, i.e.:

Ozp - Ozs

Er =
Ozs

This error is shown in Fig. 15b. For most practical work this error would seem to be tolerable
for depths greater than two or three times the width of the footing.

In a similar manner it can be shown that a line load is an excellent approximation for a
uniformly loaded strip for depths greater than two or three times the width of the strip.

Of course, the stress applied to the soil by real footings is unlikely to be uniform. The actual
contact stress may be peaked up in the middle, at the edge, or at some intermediate point. If
the stress is peaked up at the middle, then the error involved in use of point or line load
approximations is even smaller than discussed previously. If the stress is concentrated at the
edge of the footings, the error is larger. To determine the limiting error it may be assumed
that all of the load is transmitted to the soil at the periphery of the footing, i.e., by a line load.
If the footing has dimensions of SxS and carries a

total force P, then the difference between the vertical compressive stresses calculated for the
line load around the outer edge of the footing and a central point load, expressed in terms of p
=P/S2 , is less than 3% at a depth of 2S and less than 1% at 3S.

Based on these calculations it would appear economically justified to perform stress
calculations by replacing footings with point loads, and long strip loads by line loads,
provided that stresses are to be calculated at depths greater than about two or three times the
smaller dimension of the loaded area, the depth depending on the acceptable error.

It is important to note that the "errors" discussed in this section represent differences between
two theoretical solutions, for both of which the soil is assumed to be a homogeneous,
isotropic, weightless, semiinfinite, linearly elastic, continuum with a plane horizontal surface
subjected to normal stresses. For practical work the error of interest is the difference between
the real stress and the calculated stress, an error whose magnitude depends on the accuracy of
the foregoing assumptions.

In cases where the contact stress between a footing and the subsoil is complex, it may be
convenient to consider the contact stresses as a series of point or line loads, or to use some
other simplified pattern of load. Saint Venant's principle is applied to determine reasonable
spacings of these loads in terms of the depth where the stresses are to be calculated.

In some rare cases it becomes necessary to determine settlements of mat foundations that are
relatively flexible and subjected to concentrated loads. The actual distribution of contact
stresses is unknown. A distribution may be assumed, and stresses in the subsoil calculated as
just described, and then the resulting settlements calculated. These settlements are then used
to determine the resulting redistributions of load in the superstructure, and a new distribution
of contact stresses is calculated. After several such iterations, contact stresses may be
obtained that are compatible with the properties of the superstructure and the subsoil.

With such nonuniform contact stresses, rigorous solutions even for a highly idealized "soil"
are unlikely, and Saint Venant's principle must usually be applied to simplify the calculations.
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8.4 Homogeneous, Anisotropic, Weightless, Linearly Elastic Half Spaces
with Plane Horizontal Surfaces

Although the assumptions are usually made that the soil is homogeneous and isotropic, it is
apparent that most field problems involve soils that are stratified and anisotropic. Naturally,
the question arises as to the size of the errors associated with the assumptions of uniformity
in the soil. These errors can be studied either experimentally or analytically. In this section
consideration will be restricted to the theoretical studies.

8.4.1 Westergaard's analysis

Westergaard (1938) investigated the problem of a finely stratified soil in which certain of the
strata were so strong that they prevented lateral deformations of significant magnitude
anywhere in the soil. To make the problem mathematically tractible, he assumed that the soil
consisted of a homogeneous, isotropic, weightless, linearly elastic material horizontally
reinforced by inextensible membranes of negligible thickness and spaced very closely
together. The membranes completely prevented lateral deformation in the uniform material
but occupied a negligible volume. He presented solutions for a vertical point load at the
surface and at some depth within the medium, and discussed the stress functions for plane
strain problems.

The equation for the vertical normal stress, G,, caused by a vertical point load at the surface
can be put into the form:

P
o,=1 5 (8.26)

where I is an influence factor, P is the point load, and z is depth. In Table 2, influence factors
are tabulated for a range of values of (1/z) and Poisson's ratio and are compared with the
equivalent influence factor from Boussinesq's equation for an isotropic medium. If the
assumption is made that Poisson's ratio for a saturated soil, loaded under undrained
conditions, is 0.5, then the influence factor directly beneath the point load is infinite at all
depths. Thus, for a stress distributed over a small area at the surface, the induced vertical
normal stresses in the soil would be severely peaked up compared with the stresses for an
isotropic medium. Conversely, if Poisson's ratio is assumed to be low, then the vertical
compressive stress is spread out compared with that found for an isotropic medium.

Table 8.3. Comparison of Influence Factors for Vertical Compressive Stress Induced by a
Vertical Point Load Applied at the Surface, Calculated using the Equations of
Boussinesq and Westergaard

Influence Factors, 6, z2/P
Westergaard
r/z Boussinesq v=0 v=0.3 v=0.49
0.0 0.48 0.32 0.56 8.04
0.2 0.43 0.28 0.46 1.53
0.5 0.27 0.17 0.22 0.16
1.0 0.08 0.06 0.06 0.02
2.0 0.01 0.01 0.01 0.00
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Influence factors were developed for the vertical compressive stress beneath: (1) a vertical
point load, (2) one end of a line load of finite length, (3) the center of a circular area
subjected to a uniform stress, and (4) one corner of a uniformly loaded rectangular area, by
Fadum (1948) for the unlikely case that Poisson's ratio was zero.

Poisson's ratio for saturated soils loaded under undrained conditions is likely to be nearer 0.5
than zero. Thus, the assumption of a value of zero must be looked upon with some skepticism.
Further, it is not apparent that there are a significant number of field problems in which
Westergaard's assumptions have any applicability. It was supposed that they would apply to
soft clays in which interspersed thin layers of sand would simulate the membranes but it is
not apparent how sand layers of negligible tensile strength can act as inextensible membranes
even after superimposing the initial stresses on the system. Even buried desiccated clay layers
are unlikely to act as inextensible membranes because they are likely to be fissured. Thus, it
appears that the assumptions made in Westergaard's analysis have little application in
foundation engineering and the values of Poisson's ratio usually assumed by engineers who
use Westergaard's theory are unlikely to be correct.

8.4.2 Two dimensional anisotropy

The phrase "two dimensional anisotropy" is used here to indicate that the anisotropy can be
expressed in two dimensions rather than three. Specifically, consideration is restricted to the
case generally encountered with natural soil deposits in which the properties in the horizontal
directions differ from those in the vertical direction.

Solutions for the stresses and deformations caused by a vertical point load applied at the
surface have been presented by Koning (1957) and Barden (1963). The equations are too
lengthy either to be presented here or to be used in normal engineering practice. Further, they
require numerical values for three different Poisson's ratios and two Young's moduli.
Evaluation of these constants for practical problems would be exceedingly difficult.
Nevertheless, numerical evaluation of the equations for ranges of values of the various
constants leads to qualitative conclusions of general interest. The vertical normal stress, ,
is found to be influenced strongly by the ratio of the horizontal to vertical values of Young's
modulus, Ep/Ey but not by the values of Poisson's ratios to any great extent (Barden, 1963).
Let F designate the ratio of , for the anisotropic medium to the value for an isotropic
medium. For the stresses in the medium directly beneath the point load the average
relationship between F and Ey/Ey is as follows:

En/Ey |1/4 1/2 1 2 4 6 infinite
F 1.94 1.19 1.00 0.83 0.60 0.50 0.33

Thus, for soils with Ep exceeding Ey, i.e., for highly overconsolidated clays or very dense
sands, the vertical compressive stress tends to be spread out and the maximum value of this
stress beneath a point load is smaller than the value calculated using Boussinesq's equation.
For normally consolidated clays and loose sands, Ej, is probably less than E, and the vertical
normal stresses are slightly peaked up. However, for the range of values of Ey/Ey likely to be
encountered in engineering practice, and for distributed loads, it appears that the "error"
involved in using the Boussinesq solutions will be much smaller than the "error" resulting
from such uncertainties as the magnitudes of the applied load, the distribution of load across
a foundation, or the influence of soil stratification.
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8.5 Multi-Layered Systemsin which Each Layer is Homogeneous, | sotropic,
Weightless, and Linearly Elastic

8.5.1 Introduction

Because of the manner in which they are formed, most soil deposits are stratified with the
boundaries between strata generally horizontal. Thus, instead of treating the soil as
homogeneous it should be treated as a system of horizontal layers. As a first approximation
each layer may be considered homogeneous, isotropic, weightless, and linearly elastic, and
the properties defined using two coefficients. The variables to be considered then include the
elastic properties of the layers, the distribution of stresses or deformations at the boundary,
the relative thicknesses of the layers, and the conditions of continuity at the interfaces
between layers. It is apparent that presentation of tables or figures giving the various stresses
and deformations for suitable ranges in the afore mentioned variables is not feasible. Further,
even presentation of the solutions in the form of equations is difficult because the equations
must usually be left in the form of integrals that are evaluated numerically for each specific
problem. As a result of these problems the following discussion will apply only to relatively
simple cases. References will be made to the original papers in which more detailed
discussions are presented.

8.5.2 Elastic layer on arigid base

The simplest multi-layered system consists of a homogeneous, isotropic, linearly elastic layer
overlying a rigid base. The base is a half space with a plane horizontal surface. The interface
between the elastic layer and the rigid base may be considered "smooth" or "rough." A
smooth interface is defined to be one in which the shearing stresses are zero; the radial
deformations are discontinuous at the interface. A rough interface is defined to be one in
which the radial deformations of the two layers are equal and shearing stresses are developed
in the interface. For a rough rigid base, the horizontal deformations at the interface must be
Zero.

Biot (1935) presented solutions for the vertical normal stress at the interface for a surface
point load and surface line load of infinite length, both for a smooth and a rough interface.*
For the smooth interface the vertical normal stress was independent of Poisson's ratio. For the
rough interface Biot's solutions are valid only for Poisson's ratio equal to 0.5. The vertical
normal stress acting at the interface at a depth of h, directly under the surface loading, is as
follows:

* Previous correct solutions for the case of a smooth interface were presented by Filon
(1903), Carothers (1924), and Timoshenko (1934). For the rough interface, the first solutions
were presented by Carothers (1924b) and extended by Jurgenson (1934, 1936). Passar (1935)
demonstrated that Carothers's solutions were incorrect, thus invalidating Jurgenson's
solutions as well. Passar (1935) presented correct solutions for a vertical point load and
Marguerre (1931, 1933) presented solutions for plane stress and axially symmetrical cases
but their "solutions" were left in the form of integrals and were correct only for Poisson's
ratio equal to zero. Subsequently Pickett (1938) presented solutions for point and line loads,
together with numerical results. Holl (1939) pointed out that Pickett 's solutions are in error
except for the case the Poisson's ratio is 0.5. Holl presented solutions for a variety of plane
strain problems but they were in the form of integrals.
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Vertical Normal Stress at the
Interface Beneath the Surface
Loading Case Loading
Point Load Boussinesq (3P/2mh2)
Smooth Interface 1.711 (3P/2uh?)
Rough Interface 1.557 (3P/2uh?)
Infinite Line Load Boussinesq (2p/mh)
Smooth Interface 1.441 (2p/1h)
Rough Interface 1.291 (2p/mh)

where the "Boussinesq" case is for an elastic half space without an interface and is used for
comparison with the solutions for the rigid base, P is the point load, and p is the line load in
units of force per unit length. Biot's solutions demonstrate that the vertical normal stress
tends to be peaked up on the rigid base, compared to the Boussinesq case, and that the
peaking is more severe for the smooth base than for a rough base. The error involved in
applying Boussinesq's equations to cases involving a rigid base is apparently a maximum for
the vertical point load, smaller for the line load of infinite length, and zero for the case of an
infinitely extended uniform surface pressure.

Cummings (1941) found the vertical normal stress acting on a rough interface at a depth h
beneath the center of a uniformly loaded circular area by integrating Biot's solution for a
point load. He found that the vertical normal stress exceeded the stress in a semi-infinite
homogeneous body (the Boussinesq case) by 0% for h/R = 0, 30% for h/R = 1, 50% for h/R =
2, and by an amount approaching 56% as h/R increased further (St. Venant's Principle).

Burmister (1956) presented equations, in the form of integrals, for all the pertinent stresses
and deformations within the elastic upper layer on a rigid base with a rough interface for
Poisson's ratio of 0.4. He presented numerical solutions in the form of influence diagrams for
the vertical compressive stress beneath one corner of a uniformly loaded rectangular area and
for the settlement of the surface, and Newmark-type charts for various stresses and
deformations. His calculations confirm the differences between the exact solutions and the
Boussinesq solutions previously discussed.

8.5.3 Two elastic layers

The two-elastic-layer system consists of a surface layer of uniform finite thickness overlying
a layer of infinite depth. Both layers extend indefinitely in the horizontal directions. They are
assumed to be homogeneous, isotropic, weightless, and linearly elastic. The interface may be
smooth or rough.

This system has been analyzed by Burmister (1943, 1945, 1956), Fox (1948a, 1948b), Mehta
and Veletsos (1959), and others. The analyses generally apply to either a point load or a load
uniformly distributed over a circular area, both at the upper surface. Exact solutions can be
obtained for stresses and deformations under the centerline of the load whereas numerical
methods are used to find stresses and deformations at other points.

The effect of stratification on the vertical normal stresses can be demonstrated using the

solutions presented by Fox (1948b). The loading is a uniform stress applied over a circular
area of radius R. The two layers have Poisson's ratios of 0.5. Young's modulii are E; for the
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upper layer and E; for the lower one. As a matter of convenience, let F designate the ratio of
the vertical normal stress in the two-layer system to the stress in a single homogeneous layer
of infinite extent (the Boussinesq case). Values of F are given in the following table for the
interface between the two layers at a point beneath the center of the circular area. The
thickness of the upper layer is h.

F (%)
Smooth Rough
h/R E1/E> Interface Interface
1/2 1 110 100
10 74 71
100 27 27
1000 7 8
1 1 112 100
10 47 45
100 13 13
1000 3 3
2 1 109 100
10 37 35
100 8 8
1000 2 2

The vertical normal stresses under the centerline at the interface are slightly higher for a
smooth interface than for a rough one but the difference is too small to be of practical
engineering significance. The effect of a surface layer of high Young's modulus is apparently
to spread the vertical normal stresses over a wider area than for the case of a single
homogeneous layer.

Solutions of the foregoing type are of value in foundation engineering because they indicate,
qualitatively, the effects of surface sand layers, compacted fills, or desiccated crusts on the
stresses in the underlying more compressible soils. The equations are only of qualitative use,
not only because the soils do not meet the assumptions of the theory, a problem that occurs
with all the solutions in which the theory of elasticity is used, but because of the difficulty in
assigning reasonable values to the ratios E//E; and |/ ;. Field data are needed before the

solutions can be used In engineering design with reasonable confidence.

8.6 Field And Laboratory Obsevations

8.6.1 Introduction

The mathematical analyses previously considered all apply to idealized systems which never
precisely duplicate conditions in nature. Use of these analyses in engineering practice is
justified only if actual experimental measurements can be used to indicate the nature and size
of the errors caused by the idealizations. Unfortunately, the expense and technical difficulties
associated with the collection of such data are so severe that very few reliable field
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observations are available. Most of the available observations are for soils prepared in the
laboratory.

It is convenient to consider the experimental observations in three groups according to soil
conditions, viz: (1) homogeneous sands, (2) homogeneous clays, and (3) layered soil systems.

8.6.2 Observations with sandy soils

Cummings (1936) summarized the experimental measurements of the vertical normal stress
induced in sand that had been reported by Steiner-Kick (1879), Strohschneider (1909),
Goldbeck (1917), Enger (1920, 1929), and Kogler and Scheidig (1927, 1929). These
investigators had applied loads to the surface of compacted specimens of sand using rigid
circular plates with diameters ranging from 0.6" to 36". They measured the vertical normal
stresses at various points on the floors of the vessels that contained the sand, using a variety
of types of load cells. The influence of depth on the vertical normal stress was evaluated by
varying the depth of sand in the container.

The reported values of the vertical normal stress directly beneath the centerline of the loading
discs are plotted versus depth in Fig. 8.16. The measured stresses are considerably higher
than the calculated values, especially at shallow depths, when a Boussinesq distribution was
used with a uniform footing pressure. The equations for the contact stress between a rigid
disc and an elastic body cannot be used to correct the stresses because these equations predict
infinite edge stresses, an impossible situation, especially with a dry sand.
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Fig. 8.16 Distribution of the Vertical Normal Stress with Respect to Depth Beneath the
Centerline of a Surface Rigid Disk Subject to Normal Force

Farber (1933) measured the contact stresses between reasonably rigid circular plates and
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bodies of sand. The contact stresses shown in Fig. 8.17 are typical of his data. The actual
contact stresses are apparently nearly parabolic with the maximum stress in the center. This
distribution of contact stress results from the lateral extrusion of the relatively unconfined
sand from under the periphery of the rigid loading plate, thus concentrating the stress under
the center. The soil near the edges of the plate is apparently in a state of plastic equilibrium.
However, in order to perform the analysis, the sand is assumed to remain elastic and the
contact stress is assumed to vary parabolically from zero at the edge to twice the average
contact stress at the center. The correct equation for this case was given by Krynine (1936):

6
L Note: numbers next to
5 curves are the mean >
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Fig. 17 Distribution of Normal Contact Stress Over the
Base of a Rigid Circular Footing at the Surface of
Dry Sand. The solid lines are fitted cubic curves.
0)=2p |1- 202+ 22 8.27
Gy (r=0) = - 20 .
in which  , (r=0) is the vertical normal stress at some depth z beneath the center line, p is
the average value of the contact stress, = z/R, and R is the radius of the loading plate. The

stress defined from Eq. 27 is also plotted versus depth in Fig. 16 (n=3). The correlation
between theory and measurement is much improved but the measured stresses still exceed the

calculated values.

Griffith (1929) and Frohlich (1932) independently concluded that the assumptions of
Boussinesq's theory were not really applicable to sands and suggested rewriting his equation
for the vertical normal stress induced by a surface vertical point load in the form:

nP z\n
G, = —2HR2 R (8.28)

where all symbols are as defined for Eq. 8.1 except for n which is termed the concentration
factor n. If n is 3 then Eq. 28 reduces to Boussinesq 's equation. Griffith and Frohlich
suggested that in dense sands n might be as great as 6. It may be noted that Eq. 8.28 does not
satisty all the requirements from the theory of elasticity unless n is 3. The justification for
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using Eq. 8.28 is a pragmatic one, not a theoretical one.

Equation 8.28 may be integrated to find the stress at any depth beneath the center line of a
disc. For a uniform contact pressure the stress is:

G4(r=0) = p [1 ; #;)n/z} (8.29)

For a parabolic distribution of contact pressure:

2-n
—0) = 2 2 eay T
Gy(r=0)=2p |1+ 5_as- 5~ an (1+o?) (8.30)

Equation 8.30 was used to calculate the curve in Fig. 8.16 with n=6. The laboratory
measurements approximate this latter curve better than any of the other curves. The
correlation can be improved further by assuming some other distribution of contact stress, e.g.
Eremin (1936) presented a solution for a conical distribution and n = 3.

The pressures used in Fig. 8.16 were measured in the rigid floors of the test vessels. Thus,
Biot 's (1935) equations should be used to determine the normal stresses. Biot's equation for a
rough rigid base was integrated to find the vertical normal stress on the base directly beneath
the center of a uniformly loaded disc by Cummings (1941). The resulting equation is too long
to be presented. However, it demonstrated that the vertical normal stress at various depths
under the centerline was increased by an amount ranging from zero at the surface to 56% for
depths greater than about 3R. The stresses are nearly equal to those calculated for a uniform
contact stress, a semi-infinite soil, and a concentration factor of 5. No solution has been
obtained for the case of a parabolic contact stress and a rigid base, based on Biot's point load
equation, but it can be seen that the resulting curve should be similar to the curve with n=6 in
Fig. 8.16.

A series of stress measurements were made at the Waterways Experiment Station (WES,
1954) with load cells buried within sand specimens. The specimens were 48 feet long, 32 feet
wide, and up to 9 feet deep. Uniform pressures of 15, 30, and 60 psi were applied at the
surface over circular areas of 250, 500, and 1000 sq. in. (diameters of about 18, 25, and 36
in.). Stresses and deformations were measured in various directions and in various locations
under single circular loaded areas and under pairs of circular loaded areas with various
center-to-center spacings. The vertical normal stresses measured under the center lines of the
loads are shown as a function of depth in Fig. 8.18. At measured stresses are slightly greater
than those calculated with Boussinesq's theory especially at shallow depths. However,
integration of the measured stresses showed over-registration at shallow depths and under-
registration at greater depths. An adjustment for the influence of the gages on the stresses
would appear to bring measured stresses into excellent agreement with the theoretical stresses.
There is no need to invoke a concentration factor greater than three.
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Fig. 8.18 Comparison of Measured and Computed Stresses within a Body of Sand

Based on these observations it is apparent that variations in the contact pressure across the
base of a footing can be important and that non-uniform pressures may be expected for rigid
footings. For the dense sands used in the experiments and for surface loading with a rigid
disc, the contact pressure varies from close to zero at the edge of the disc to a maximum at
the center. Further, to make the experimental data and theoretical curves coincide it is
necessary to account for the rigid base and also perhaps to arbitrarily introduce the
concentration factor whose value is apparently about 6 for the cases under consideration.
Lower values for the concentration factor may be required when loose sands are encountered.
For a uniform applied stress the measured vertical normal stresses compare very well with
the stresses calculated using Boussinesq's theory.

Some of the discrepancy between measured and computed stresses may result from over- or
under-registration by the load cells. However, most of the investigators integrated the
measured stresses to find the total force registered by the gages. This calculated force
generally compared well with the known applied force, thus suggesting that the gages were
operating properly.

8.6.3 Observationsin clays

There are only limited data on measured stresses in clay, and then only for compacted clays.
There is no convenient way of inserting a load cell into a natural clay without causing severe
stress redistribution problems. The best set of data seems to have been collected in a study
at the Waterways Experiment Station (Foster and Fergus, 1951). They used a sample that
was 26 feet square and 12 feet deep. They compacted the sample with load cells at one
elevation. They used 12-inch diameter WES cells. Loads were applied on the surface to
represent tire pressures and stresses were measured. The load cells were mounted at a
single elevation low in the test specimen. After the first set of measurements, some of the
soil was planed off to reduce the distance from the loads to the load cells, and another set of
readings was made. The process was repeated to obtain information on the spatial variation
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in developed pressures. This procedure reduced the number of load cells required for the
experiments and left the load cells in the same soil throughout.

Numerous plots of measured and computed stress were developed. An example plot in
shown in Fig. 8.19 for the case of loading from a dual landing gear with a center-to-center
spacing of the tires of 7.5 feet. Measurements were made for loads of 15,000, 30,000,
45000, and 60000 pounds. The data in Fig. 8.19 are typical of numerous other plots. The
data suggest that Boussinesq's theory is adequately accurate, at least for compacted clays.
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Fig. 8.19 Comparison of Measured and Computed Vertical Stresses for the Case of a Dual
Landing Gear Loading, and Stresses at a Depth of One Foot (Foster and Fergus,
1951, p. 11).
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