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Preface 

In th e domesti c an d foreig n literatur e ther e ar e remarkabl e book s de -
voted to the variational method of investigating equations with selfadjoin t 
operators (i n the nonlinear case with potential operators). A t a mathemat-
ical leve l thes e ar e primaril y th e monograph s o f S . L . Sobolev , Applica-
tions of Functional Analysis  in  Mathematical Physics,  L. D. Kudryavtsev , 
Direct and  Inverse  Imbedding Theorems.  Applications  to  the  Solution  of 
Elliptic Equations  by  a Variational  Method, an d M . M . Vainberg , Varia-
tional Methods of  Investigating Nonlinear Equations. Othe r books by S. G. 
Mikhlin, K. O. Friedrichs, and K. Rektorys were of major importanc e fo r 
the popularization o f variational method s in applications . 

The development of computational techniques and the possibility of au-
tomating variational method s aroused th e current interes t i n questions o f 
further improvin g them and constructive extension to new classes of equa-
tions. Th e book s o f W . Velt e [337] , G.  I . Marchu k an d V . I . Agoshko v 
[207], and P. Blanchard and E. Briining [39] which have appeared in recent 
years are partially devoted to these problems. However , in the mathemati -
cal literature there is no single monograph speciall y devoted to variational 
principles fo r equation s wit h nonsymmetri c (nonpotential ) operators , al -
though the basic mathematical aspects of this direction were worked out by 
A. E. Martynyuk, W . V. Petryshyn, and V. M. Shalov back in 1957-1965 . 
The present boo k i s intended t o fill this gap to some extent . 

In application s mos t peopl e kno w th e practica l valu e o f th e fac t tha t 
for a  particular boundary value problem (generall y speaking , with a n un -
bounded nonpotentia l operator ) i t i s possibl e t o construc t a  functiona l 
analogous i n variationa l propertie s t o th e Dirichle t functiona l fo r th e 
Laplace equation ; bu t variationa l principle s fo r nonsymmetri c nonpoten -
tial operator s hav e no t bee n widel y use d eithe r b y mathematician s o r i n 
applications. On e o f th e basi c reason s fo r thi s is , apparently , th e com -
plexity o f a  constructive approac h t o th e necessar y "symmetrizing " oper -
ators. I n Marchuk an d Agoshkov' s book [207 ] many result s are presente d 

vii 



V l l l PREFACE 

for equation s wit h /^-symmetri c an d 2?-positive-definit e operator s (i n th e 
sense of W. V. Petryshyn), but the symmetrization of the neutron-transpor t 
equation presente d a s a  substantia l exampl e ( a resul t obtaine d b y V . S . 
Vladimirov [340 ] i n hi s doctora l dissertation ) i s one o f th e fe w case s o f 
constructive executio n o f symmetrization o f an operato r o f a  rather com -
plex boundary value problem . 

The theoretica l foundation s o f a  variationa l metho d fo r investigatin g 
linear equation s with , generall y speaking , nonsymmetri c an d nonpositiv e 
operators ar e presente d i n th e first  par t o f th e boo k (Chapter s 1  and 2) . 
Chapter 3  is devoted t o a  constructive approac h t o variational principle s 
for variou s boundar y valu e problem s fo r partia l differentia l equations . 
Generalizations of the variational method of investigating nonlinear equa-
tions with nonpotentia l operator s proposed by M. Z. Nashed [235] , A. D. 
Lyashko [202] , and E . Tonti [324 ] are developed i n Chapte r 4 . 

The developmen t o f a  variationa l metho d fo r investigatin g a  differen -
tial equatio n N(u)  =  f  i s closely connecte d wit h th e invers e proble m o f 
the calculu s o f variations , an d throughou t th e entir e boo k a  quasiclassi -
cal solution o f this inverse problem i s investigated i n the sens e of seekin g 
functional F[u],  bounde d belo w i n som e Hilber t space , whic h contai n 
derivatives o f th e unknow n functio n u  o f lowe r orde r tha n i n th e equa -
tion N(u)  -  /  =  0  and ar e suc h tha t th e se t o f solution s o f th e equatio n 
coincides with the se t of critica l points of the functional . 

Many o f th e result s presente d her e were reported i n 1961-198 3 by V. 
M. Shalov and by the author to the Steklov Mathematica l Institut e o f th e 
Academy o f Science s o f th e USS R i n th e semina r o f Academicia n S . M. 
Nikol'skii and Correspondin g Member of the Academy o f Science s of th e 
USSR L . D. Kudryavtsev; th e author i s deeply gratefu l t o al l participant s 
of the seminar for their attention. Durin g one report of the author Profes -
sor Kudryavtsev pointe d ou t th e expedienc y o f investigatin g nonclassica l 
boundary valu e problem s fo r partia l differentia l equation s (PDE ) b y th e 
variational metho d develope d here ; i n Chapte r 3  we carr y ou t construc -
tive approache s t o variationa l principle s an d thei r investigation , mainl y 
for know n equation s o f mathematica l physic s with nonclassica l boundar y 
conditions o r for nonclassica l PDE . 

Also durin g on e o f th e author' s report s Academicia n Nikol'ski i note d 
that i f a  linear boundary valu e problem ca n be rigorously investigate d b y 
the Bubnov-Galerkin method , then i t i s possible to select a  correspondin g 
quadratic functional o f the variational method, while in the nonlinear case 
with a  nonnegative operato r the selection is , of course, almost impossible ; 
in Chapte r 4  we prove th e existenc e o f solution s o f th e invers e proble m 
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of the calculus of variations fo r broa d classe s of nonlinea r equation s an d 
develop a  variationa l metho d fo r investigatin g nonlinea r equation s wit h 
nonpotential operators . 

I a m especiall y gratefu l t o Correspondin g Membe r o f th e Academ y o f 
Sciences o f th e USS R L . D . Kudryavtsev , whos e idea s regardin g th e de -
velopment an d applicatio n o f variational method s constantly aided me in 
the work . 

A large part of the book was written during my stay in 1983-198 4 at the 
Free University o f Brussels , and I  should thank Professors J . P. Gosset, I . 
R. Prigogine , an d P . Glansdor f (Belgium ) fo r th e assistanc e an d suppor t 
they showed me. I  am grateful als o to Professor V . I. Burenkov, Professo r 
A. N. Skorokhodov, an d A. Yu. Rodionov , who examined individua l sec -
tions and made a number of valuable remarks. Especiall y valuable were the 
remarks and discussion of the results obtained with one of the founders o f 
the theory developed here—Professo r W . V. Petryshyn (USA)—t o who m 
I am deepl y grateful . 

The Author 
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Notation an d Terminology 

1. R n i s the ^-dimensiona l Euclidean , arithmeti c spac e o f point s x  = 
(xu...9xn), \x\  =  (E7*,2)1/2> an d *£ =  £?*&• . 

2. Q  i s a  domain , a n ope n connecte d se t i n R n (whic h i s bounde d 
everywhere i n thi s book) , wit h boundar y d£1  which i s piecewise smoot h 
unless highe r smoothnes s i s specified ; an d Cl  is th e closur e o f Q  i n R n 

(Q = Q  u dfi; Q  is compact). 
3. C k(Q) (C k(Q)) i s the se t of function s havin g uniformly continuou s 

derivatives in Q  (Cl)  throug h kth  order , k  >  0, and the norm i s 

||!i|C*(fl)|| =  ^  wm\D*u(x)\. 
\a\<k Q 

CZ(Q) =  C l(Cl) i s th e se t o f function s i n C l(Cl) whic h vanis h o n dQ, 
together with al l partial derivative s through orde r / . 

C^(Q) i s the se t of functions i n C l(Cl) with compact suppor t i n Q . 
o 

C°°(Q) i s the se t o f function s fo r whic h al l partia l derivative s o f an y 
order in Q  exist and vanish o n dQ. 

4. D " =  dM/dx?--dx%",  wher e a  =  (a i , . . . ,a„ ) an d |a | =  Y?\<*j\ 
<*j > 0 , j  =  1 , . . . ,« . 

A =  E i d 2/dxl i s the Laplacian . 
Vu =  gradu =  (uXl9...,uXn)9 wher e u Xi =  du(x)/dx i9 i  = 1,..., n, 
Finally, |Vw| 2 = E i K ) 2 . 
5. L p(il) i s the (linear , normed , complete ) rea l Banac h spac e o f mea -

surable functions fo r whic h the nor m 

\\u\LP(n)\\ =  (J  \u(x)\ p dx\  ,  o o > p >  1, 

exists an d i s finite.  A n equivalen t definitio n o f L P(Q) i s the completio n 

in th e nor m | | •  \LP(Q)\\ o f th e set s o f function s C(Q) , C a(Q), Cg(Q) 

xi 
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(a =  (a i , . . . , an), <*j  >  0, j  =  1, . . . , n), an d CQ°(Q).  Th e Sobole v space s 
W™(Q) are defined a s follows : 

Wp
m{Q) = {u{x): D au G  LP{Q), \a\  < m}, o o > m  >  1, 

\\u\Wp
m(Q)\\ = 

p 

UP 

f \\uf  +  J2  \D ku{x)Adx\ 

where the Ds ar e generalized partia l derivatives in the Sobolev sense , k = 

(ku...,k„); W™(0)  i s the closur e o f C°°(Q ) i n the norm o f »™(Q) ; fo r 
o 

the domain s Q.  considered her e th e function s u(x)  G  W™(£1)  vanis h o n 
dQ, in th e sens e o f L p(dQ,) togethe r wit h al l j  generalize d derivative s t o 
order m  -  1 . 

Note tha t w e used bot h | | • \W\\  an d \\-\\w  a s the nor m fo r a  functio n 
space W.  Moreover , i n the definition o f the norm o f a  negative spac e 

\\u\W2^\ =  s u p ^ ^ 
v^O \\V\W?\\ 

to shorten notation w e shall not always indicate that th e sup is taken ove r 
all functions v  i n W£. 

6. Th e symbol V denotes "for every" or "for any" ; 3a e  M  mean s "there 
exists an elemen t a  i n the se t M". 

3!a G  M mean s "in the se t M  ther e exists a unique elemen t a" . 
M o  N  mean s that assertio n M  hold s i f and onl y i f assertion N  hold s 

or, in other words, for th e validity o f M  i t is necessary and sufficien t tha t 
N b e satisfied . 

A : = B  mean s "A  i s se t equa l t o 5" . /  =  1,...,A Z indicate s tha t th e 
quantity /  takes integral values from l  t o n. 

Co, C\, C2, ... denot e positive constants not depending on the function s 
explicitly written in the formula i n question. Th e notation C n(g) fo r som e 
n mean s that thi s coefficients C n >  0 depends on the function g. 

The enumeration o f the constants Co , C\, C2,.. . i s done independentl y 
in each section . 

7. H  an d Hi  everywher e denot e Hilber t spaces ; ||w'|#i| | ~  ||w'|//2| | 
means the two norms are equivalent , i.e. , there exis t Ci , C 2 > 0  such tha t 
\\u'\H\\\ <  Ci\\uf\H2\\ < C2||w/|#i|| fo r al l u' G  Hx. A  space H{ i s equivalent 
to a  space H2, H { -  H 2, i f H XQH2Q H x an d \\u'\Hi\\  - \\u'\H2\\. 

Q = H mean s that the completion of the set Q  in the norm of the space 
H i s the entire space (set ) H. 
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8. W e shal l sometime s writ e " a sequenc e {u n} c  //" , havin g i n min d 
that thi s sequence i s formed fro m element s of the space H. 

Strong convergence "u n — • w (« — • oo) in H"  mean s convergence in th e 
norm o f this space : \\u n - u\H\\  —• 0 (n  -> oo), u, un e  H  fo r al l n. 

Weak convergence "un —,  u (n  —• oo) in / /" means that \(u n-u,v)\-*0 
(n — • oo) fo r al l v  € H  an d u n, u  e H,  wher e (• , •) i s the inne r produc t i n 
H. 

9. W\  —• W^ , i.e., "the space W\  i s imbedded i n W 2\ mean s that W\  c 
^ an d ||M|JT 2|| <  C„||w ,|H^|| fo r al l u  e W x. 

10. A  functio n u  i s som e functio n spac e W\(Q)  ha s stabl e boundar y 
values in the sense of a  space W 2(T) i f the norm ||w'|Jf2(r)l l exist s and the 
estimate 

IN^2(r)ll<C„||M|Hl(Q)|| VueWxiQ),  r  =  9Q , 

holds with a  constant C n >  0 not dependin g on u. 
11. D(A)  i s the domain and R(A)  th e range of an operator A.  Linearit y 

of an operato r A  i s understood onl y in the following sense : 

A(a[Ui +  ^2^2) =  a/^W i -I - a2Au Vai , « 2 € R\,  Vu\,u 2 € Z>(̂ 4);(1) 

D(^,B) =  {v:ve D(A)  n£>(5)} ; 

^ ( 5 ) = {i?t;:t;€Z)(^)};(1) 

4̂* i s th e adjoin t operator , ^4 _1 i s th e invers e operator , an d /  i s th e 
identity operator . 

The notatio n A  D  B  fo r tw o operator s A  an d B  mean s tha t A  i s a n 
extension o f B,  i.e. , D{A) D  D(B) an d Au  =  Bu fo r al l u  e D{B). 

12. Th e convolution o f functions ( / *  g)(x)  =  f R f(x  -  y)g(y)  dy. 
13. Two  equations ar e considered equivalen t i f any solution (i n a  par -

ticular sense ) o f one of them i s a solution o f the other a s well. 
14. Well-posednes s o f som e problem Au  -  f  i n a  pair o f space s W,  G 

is understood in the Hadamard sense : fo r any element f  e  G  there exists a 
unique element UQ  i n W —the solution o f the equation—and thi s solutio n 
depends continuously o n / : ||wo|W| | < Cb||/|(7|| . 

15. Th e book is broken into chapters, Chapters into sections, and some 
of the sections into subsections . 

In a number (m.n)  of a formula the first number (m) denotes the number 
of th e section , whil e th e secon d (n)  denote s th e orde r numbe r o f thi s 
formula i n §ra . Similarly , "Theorem M.N" (o r "Corollary M.N" , "Lemm a 
M.N", "Remar k M.N" , "Assertio n M.N" ) mean s tha t thi s i s the theore m 
(corollary, etc. ) wit h orde r number N  i n §Af . 

(l)Operators possessin g thi s property wil l sometimes b e called distributive  below . 
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APPENDIX 

On the Nonexistence of Semibounded Solutions 
of Inverse Problems of the 

Calculus of Variations 

V. M. FILIPPOV AND V. M. SAVCHIN 

Suppose there i s given a  boundary value problem 

n n 

Sfu =  ] P p ijUij +  **Tqiui +  r-u =  f(x)9 x  eil,  (1 ) 

u(x) =  0 , x  e  d£l.  (2 ) 

Here Q  is a bounded domai n i n Rn wit h piecewise smooth boundary d£l\ 
the plJ =  pJl an d q l {i,j=  1, . . . , n) ar e constan t coefficient s i n Q;  r(x) e 
C(Q) an d f(x)  e  C(Q)  ar e give n functions ; u  =  u(x)  e  M  =  C 2(fl) n 

o 

Cl(Q) n  C(Q) , x  =  (xi, . . . ,x„) ; u t =  du/dxi  =  DjU,  and Uij  = DjD tu 

We introduce the class of Euler-Lagrang e functional s 

J\u]= I  L(x 9u,uu...,un)dx. (3 ) 
JQ 

The following formulatio n o f the inverse problem o f the calculus of vari-
ations (IPCV ) fo r equatio n (1 ) i s known (se e [54] and [18]) . 

FORMULATION 1 . Find a  function JU(X,u,u')  =  JLL(X,u,Ui,...,u n) whic h 
is continuously differentiat e i n R 2n+l, wit h /i(x9 u,  u') /  0  (x G Q) fo r al l 
u G M9 an d in the class of functionals (3 ) find a functional F^[u]  such that 
for al l u  e M 

SF^u] =  [  ju(x,  u,u')- (Lu  -  f)Su  dx.  (4 ) 
Jo. 

203 
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If dju/du  ^  0  or d^/dut ^  0  for some /  = 1,. . . , n, then because of the 
nonlinearity o f the integrand i n (4 ) i t i s obvious tha t th e correspondin g 
functional F[u]  is nonquadratic. Sinc e for a linear equation (1 ) it is expe-
dient to restrict attentio n to functional (3 ) quadratic in u and u\,..., u n, 
we henceforth conside r the following IPC V (se e [54]). 

FORMULATION 2. Find a function JLL(X)  e  C l(Q), ju(x)  / 0 ( xe Q) , and 
a functiona l F^[u]  in the class (3 ) quadratic in u  and u\9...,un suc h tha t 
for al l u e M 

SF^[u] = /  JLL(X)  •  (£fu -  f)  du  dx. (5) 

The usual IPCV follows fro m thi s for JLL(X)  =  1. 
Results of Copson [54 ] were presented in §11 . 

LEMMA 1 . For any equation (1 ) nonparabolic in Q the general solution 
of the IPCV in  Formulation 2  is given by( 47) 

V[u] = ^exp f X > * /j •  |  J2  PiJDiUDjU 

- \r{x)-J2b% 
i=\ 

u2 + 2f-u) dx,  (6 ) 

where 

kj =  detPj/dctP, 7 = 1,. . >n, (?) 

and the  matrix  Pj  is  obtained  from the  matrix  P  =  (p aP) by  replacing 
the jth column  by  the column (q l,...,qn); the  constants b l,...,bn do  not 
depend on x or  u. 

COROLLARY 1 . For any nonparabolic equation (1 ) with  constant  coeffi-
cients piJ (i,j=  \,...,n)  andq 1 =  0 (/ = 1,...,«) , andr(x),f(x)  e  C(Q), 
solutions of the IPCV in  Formulation 2  are given by 

V[ u]= [ y ^ p ijDtuDjU -  r(x)  •  u2 + 2f •  u dx. 

The functional V[u]  is obtained from (6) , since for ql =  0 (/ = 1,. . . , n) 
from (7 ) we have k tr = 0 (/ = 1,. . . , n). 

(47)Sets of functions ar e henceforth give n up to a factor an d term no t depending on x o r 
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COROLLARY 2. An  element  uo  e M is a solution of the Dirichlet problem 
for the  nonparabolic  equation (1 ) if  and only  ifuo  is  a critical point of  the 
functional V[u]  (6), (7) . 

Thus, for any nonparabolic operator J? o f problem (1) , (2) the IPCV in 
Formulation 2  always has a solution—this shoul d be borne i n min d wit h 
regard to assertions of "nonvariational" nonselfadjoin t ellipti c or hyper-
bolic equations . 

We now consider in more detail the question o f semiboundedness (tha t 
is, boundednes s abov e o r below) o f the functional s (6 ) constructe d for 
nonparabolic equation s (1) . 

It is known ([57] , vol. II , Chapter 3 , §3) that any PDE (1) with constan t 
coefficients (w e further assum e tha t r(x)  =  const , x e Q) b y a change o f 
the independent variable s 

n 
xi =  ^2tuyj^ i=l,...,n  (x  = Ty)  (8 ) 

can be transformed t o the for m 

*»=iba'if3+£b{w-+ri-u=gi{y)- (9 ) 

z=i uy i 1= 1 yi 

Here det(f//)£ - =1 ^ 0, the tij  (/ , j = 1,. . . , n) ar e constan t rea l coefficient s 
in Q , th e constant s a 1 (/ = 1,. . . , n) assum e th e values  0,1 , or - 1, r7 is a 
constant i n Q , and g\(y)  =  f(Ty). 

For a nonparabolic equatio n (1 ) in Q,  it is possible ([57] , vol . II ) b y a 
change of the unknown functio n 

n 

u(y) =  v(y)-exp(-!rz), z  = £>!W«'' (10 ) 
Z = l 

to transform equatio n (9 ) int o 
n 

S?2v = J2 aid1vldy] +A-v  =  g9 (11 ) 

where 
A = r i - 4 " E ^ £  = £i-exp(Iz). (12 ) 

/=i 

Thus, any equation (1 ) ellipti c i n Q  can be transformed into( 48) 
Aw + Xu = /({), I  =  const, {  G Q, (13 ) 

(48)Appearance of the variables £/ (/ = 1 , . . . , « ) i s connected with a possible renumbering 
of th e variables in passing from (11 ) to (13) o r (14). 
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while any ultrahyperbolic (includin g properly hyperbolic) equatio n (1 ) can 
be transformed int o 

E ^ - E  5b?+*•«( « = /«). z^n,  (i4 ) 

where 1  < m  <  n, n  >  2, and X  —  const i n fi. 
For equations (13 ) and (14 ) functiona l ar e known which are solution s 

of th e IPCV . A  natura l questio n arises : i f fo r equatio n (13 ) o r (14 ) a 
solution o f th e IPC V ha s bee n constructed , wil l th e functiona l obtaine d 
by transformations invers e to (8 ) an d (10 ) be a  solution o f th e IPCV fo r 
the origina l equatio n (1 ) o f th e correspondin g type ? I t i s convenien t t o 
first conside r the question o f transformation o f functional o f this type in 
a more general case. 

Suppose we are given a  functiona l 

^[u] =  /  F(x k,u
J,Dku

J)dx, k  =  l , . . . , / i ; j  =  l , . . . ,m , (15 ) 
Jo. 

where 

F(xk, u
j,Dku

j) =  F(xu. .. 9xn,u
l
9...,u

m,Diul, 

...,Dnu
l,...,D{u

m...,Dnu
m) 

is a function continuousl y differentiabl e i n al l it s arguments i n R n+m+mn, 
and u j(x) e  M  (j  =  l , . . . , ra) . 

We introduce a  nonsingular transformatio n y  =  y(x), 

(yk=yk(Xi), i,k=  l , . . . ,n , y keCl(Q)9 

I det(dy k/dxi)lk=l*0, x  eU. 

We denote the inverse transformation b y x =  x(y). 
The variationa l derivativ e SF/Su j fo r th e functiona l ^[u]  i s th e lef t 

side of the jth Eule r equation fo r th e functional (15) . W e have 

,7 
LEMMA 2 . For  any u J e M ( / = l , . . . , m) 

=x(y) \u*,s  /  r,s=\ 

SuJ' 
F(yk,uJ(y),DkuJ(y))-det(^-J 

f=l,...,m, (17 ) 
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where 

F(yk,uJ(y),DkuJ(y)) =  F 
diiJ dy k 

dyk dxt \Xi(yk),u
j (Xi(y k)),J2 -^r 

L k=\ oyk 

uJ(x(y)) =  uj(y) (j=l,...,m). 

PROOF. Fo r any u J € M (j  =  1, . . . , m) w e have 

duJ _-^duJ_  dy k 

'dx~i~k~[dy~k"dx~' 

I (x k,u
j(x),Dku

J(x))dx 
Jil 

= J^F(y k,uJ(y),DkuJ(y))/dct ( § ^ ) " My, 
(18) 

where Q  i s the domain obtaine d fro m Q  by mean s o f th e mappin g (16) . 
From thi s we obtain 

/ IUF ' ^  dx  =  I^r  j  F ( X / t ' u ' +  aif]i 'DkUJ +  a ''Dkt}J) dx 

•^jr J  F(y k, uJ(y)  +  a! •  f)J(y),  Dkii>(y) + oj •  DkfjJ(y)) 

a=0 

-L 5 
8W 

F{yk,uJ{y),DkuJ{y)) det 
(dxX 

dy 
a=0 

•r]J{x(y))-dy, j'=l,...,m. 
(19) 

Here a  =  (a ',...,am) i s an arbitrar y m-dimensiona l vecto r o f rea l num -
bers, and rj-i'  € M  ( / =  1, . . . , m). 

Using (19) , we obtain 

J n ^ ^ dx 
Sui' 

=Ldw\p{yk'aJ'DkaJ) 

f.(j&) V(*00 ) 
JCl \°UJ Jx=x(y) 

(dXrV 

x=x{y) 

det 

d e . f ^ * 
) \dys/r,s=l 

r]j'(x(y))dy, 

dy 

f =  l , . . . , ra . 

The required equality (17) follows from this , since r\>'  e  M  ( / =  1,. . . , m) 
is arbitrary. • 
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Suppose now that equation (1 ) is transformed int o (9 ) by means of th e 
transformation (8 ) (se e (16)) . 

LEMMA 3. A  function E[v] is  a solution ofthelPCVfor the  nonparabolic 
equation (11), (12) if  and only if the functional 

S[u(x)] =  E[u  • exp(± •  z)]\ y=y(x) 

is a solution of the IPCV for equation  (1). 

(20) 

PROOF. B y Lemma 1  we find that th e se t o f solution s of the IPCV fo r 
(11) and (12 ) i s given by 

dy. 

From (10 ) we have 

v{y) =  u{y)-exp(±-z), 

dv (du  l b ' \ •  .  , 

Substituting (22) , (23) int o (21) , we obtain 

(21) 

(22) 

(23) 

J?\\u\ = E[u  •  exp(i •  z)] 

= / J | : « ' - (^ +  5 b iu) -*-*  + 2gl-u exp z dy. 

Hence 

SJ^iu] = 2  • f 
Jn 

expz 
^ i  (du  1  b[  \ 

j?x \dyi  2  a'  J 

x I  Suy- + -  •  -4 •  Su) -  Xu  • du + gi  •  Su 

•y f  J v - i  d  \( du ,  l  b \ \x  1 
= 2 / expz - {  } a'^—  -5 — +  x  •  4« \8u\ 

^ ,  /d 2M ^  1  b[ dU  \ .  .  . 
- > a  T ^ +  T 4 ' - — \ o u - X u d u 

j ^ \dyf  2  a' d yi) 

I ^ u (du  1  b[  \  .  .  1  . 

(24) 



APPENDIX. NONEXISTENC E OF SEMIBOUNDED SOLUTIONS 209 

Noting tha t fo r al l u e M 

f v - , • 9  \(du  1  b[  \  s  1  . 
/ e x p z > a l-r— ^ — +  ~  • -7 u)  5u\  dy 

JCi ~  dy t [\dyi  2  a 1 )  \ 

J&\M ^  L  V^ i 2  a'  J  \ 

from (24 ) we obtain, fo r all ue M, 

WiM-2./ft«pr.{t»(-(^ +  ^ - .) + 

A ,  /a2« I  6 { a « \ 
+ E»'(^F +  2 '7 as ) 

i p . , / a « i  #  \ 

- 2 7 -
./ft 

4 /-*,  a i u- g\  >dudy 

e x p z •  (<55u - g\)  -  8u -  dy. 

The lemm a follow s fro m thi s via (17) and (20) . • 
From th e lemmas prove d abov e we obtain 

COROLLARY 2 . Suppose  problem  (11) , (12) , (2) is obtained from  (1 ) and 
(2) by  means  of  transformations  (8 ) and  (10) . Then  the  general  solution 
of the  IPCV  in  Formulation  2  for problem  (1) , (2) is  the  functional J^[u] 
obtained from  the  functional E[v]  of  (21 ) by  the  transformations  (22 ) and 
(16). 

In theoretica l investigation s o f differentia l equation s b y a  variationa l 
method, an d als o i n justifyin g direc t method s o f th e calculu s o f varia -
tions, i n application s i t i s importan t tha t th e correspondin g functiona l 
should hav e no t a stationar y poin t bu t an extrema l poin t ( a maximum o r 
minimum). Fo r the elliptic equatio n 

-Aw +  Xu = g(x), A  = cons t <  -A? , X G Q C R n, (25 ) 

or fo r the wave equatio n 

utt -Au  =  g(x9 0 , (x 9 t)eQc R n+l (26 ) 
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functional whic h are solutions of the IPCV are well known: respectively , 

V\[u]= f[\Vu\ 2 +  Au2-2gu]dx, (27 ) 
JQ 

V2[u] = f  {-u 2 + | Vw|2 -2-g-u}dxdt. (28 ) 
JQ 

It can be shown, however (see below), that these functionals ar e not bound-
ed on M above and below, and the following question arises: for equation s 
(25) and (26 ) and for the more general nonparabolic equation (1 ) do there 
exist semibounded functional s whic h are solutions of the IPCV in Formu-
lation 2 ? 

THEOREM 1 . If 

£ P ijZitj >  m2 >  o, 

then for an  equation  (1 ) of  elliptic type in Q.for 

r > r0(Q) > 0 (29 ) 

in the  class of Euler-Lagrange functionals (3 ) there  are no solutions of  the 
IPCV which  are semibounded on  M. 

PROOF. Step  1 . Accordin g to Corollary 1  and Lemm a 3 , th e genera l 
solution o f the IPCV in Formulation 2 for equatio n (9 ) i s given by 

- r i - [ E ^ r ) , w 2 +  2  gi-ulexpzdy.  (30 ) 

Here (se e (20) ) 
jrl[u] =  E[uexp(±z)], (31 ) 

where E[v] i s the functional (21 ) constructed for equation (11) . Therefore , 
from (31 ) it is obvious by (10 ) tha t fo r unboundednes s abov e and belo w 
on M of the functional J^[w ] of (31) it is necessary and sufficien t tha t th e 
functional E[v]  b e unbounded abov e and below on M. 

Step 2 . W e establish th e unboundedness o n M of the functiona l 

E^ = l^\iz(^y)2-X-v2 +  2-8 v )dy ( 32) 
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of th e for m (21 ) (fo r a n ellipti c equation , a s stipulate d i n (9) , a 1 -  1 , 
/ = 1, . . . , n). I t i s obvious that fo r al l v e  M 

EW~ ln g2dy-lj\{w)2 * {l~^ v 2\dy =  E2[vl (33 ) 

[̂̂ ] + ̂ ^^^ > ^ {^ ( 5 ^ ) 2 _ ( 1 +;L) "2 } ̂ ^ = ^i^]- ( 34) 
Since with a  piecewise smoot h boundar y Oil  th e domai n Q,  c  R n con -

tains some ^-dimensional parallelepiped , because of the nondegeneracy of 
the transformation (16 ) taking Q into Q, the domain Q also contains some 
parallelepiped 

n 

Q = (a,b) =  {axM)  x  •  • • x  (a n,bn), \Q\  = JJ(6« -  *i)  >  0. 

We set 

Vm(y) 

1=1 

n 

Y[sm[m(liyi +  ct)l y  e  Q, 

0, ye  Cl\Q, where m  =  1,2,... , an d 

(35) 

(36) 

It i s obvious that v m(y) e  W 2(Cl) and 
1/2 

< oo , m  = 1,2,3, . 

and by direct computations w e find 

E2[vm]=(jf-\Q\-

Setting m  =  1 , from thi s we conclude that fo r an y 

(37) 

(38) 
7 = 1 

we hav e E 2[v\] <  0 . The n fo r an y p,  no t dependin g o n y  o r i; , fo r th e 
quadratic functiona l E 2[v] o f (33 ) w e hav e E 2[pv\] =  p 2E2[v\] — • -oo 
(p — • oo) . Therefore , th e functiona l E 2[v] an d b y (33 ) als o E[v]  ar e un -

bounded below on W 2{Q). 
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Similarly, fo r th e functiona l E\[v]  o f (34 ) b y direc t computation s w e 
find that 

Eilvm] =  Q ) " •  161• | - 1 -  A  + m2 J2lj  I  • 

Obviously fo r an y X  e R l w e ca n find  N  =  N(X)  suc h tha t E\[VN]  >  0 . 
Therefore, E\[pv N] =  p 2Ei[vN] -*  +oo as p  —• oo. Fro m thi s and (34 ) we 

o 1 

conclude also that the functional E[v]  i s not bounded abov e on W 2{Q). 
It i s no w no t har d t o obtai n th e unboundednes s abov e an d belo w o n 

the se t M  o f th e functiona l E[v]  o f (32 ) an d (38 ) fro m th e fac t tha t th e 
o 2  0  1 

functional E[v]  i s continuou s o n W x(Sl)9 th e se t M  i s dens e i n W 2(Q), 
o 1 

and E[v]  o f (32 ) an d (38 ) i s unbounded o n W 2(£l). 
Since the functional E[v]  o f (32 ) by Corollary 1  is the general solutio n 

of the IPCV fo r th e equatio n 
At; + X v  =  g(y), ye&,  v\ dCl =  0, (39 ) 

it i s useful t o distinguish th e result o f thi s second ste p separately . 

COROLLARY 4 . For  problem (39) , (38 ) in  the  class  of Euler-Lagrange 
functionals there  are no solutions of  the  IPCV which  are semibounded on 
M. 

Step 3 . Sinc e the functional J^lu]  o f (30 ) i s the general solution o f th e 
IPCV fo r equatio n (9) , fro m th e result s o f Ste p 2  and th e argument s o f 
Step 1  we also obtain 

COROLLARY 5 . For  the elliptic equation (9) {a 1 = 1 , i = 1,...,«) , where 

^rl-\-±(bi)2>l^±lj. (40 ) 
1=1 7= 1 

in the class of Euler-Lagrange functionals there  do not exist solutions of the 
IPCV which  are semibounded on  M. 

Thus, the functional^[u] o f (30) is unbounded on M abov e and below 
under conditio n (40) . Th e functiona l V[u],  which i s the genera l solutio n 
of th e IPC V fo r equatio n (1) , i s obtained , accordin g t o Lemm a 2 , b y a 
nondegenerate chang e o f the independen t variable s y  =  y{x)  i n th e func -
tional <J\[u{y)],  i.e. , a  chang e o f th e independen t variabl e occur s unde r 
the integra l whic h doe s no t chang e th e valu e o f th e integra l (se e (18)) . 
Therefore, th e functiona l V[u(x)]  =  <A[u(y)\y=y(X)]9 which i s the genera l 
solution of the IPCV for equation (1) , is also unbounded on M abov e and 
below for r  > r0(Q). Th e theorem i s proved. • 
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THEOREM 2 . For  any ultrahyperbolic  (including  properly  hyperbolic) 
equation (1 ) in  the class of  Euler-Lagrange functional there  are no semi-
bounded solutions of the IPCV. 

From the proof o f Theorem 1  it is not hard to see that we need only 
establish unboundedness on M o f the functiona l 

GM =  fAflvl- E  v* k-X.v2 +  2.g.v\dy (41 ) 

which is the general solution (se e Corollary 1 ) of the IPCV for the ultra-
hyperbolic equation (14). 

For all v e M w e have 

G[v]-Irj2dy<l'{£>?,- £  vj k + {l-X).vAdy 
Ja Ja  U= l k=m+\  )  V**' 

GM + j d̂y>l^,-tjk-(i^)vjdy (43 ) 

= G2[v]. 

Since the domain Q contains some parallelepiped and the transformation 
(16) mapping Q to Q is nondegenerate, the domain Q also contains some 
parallelepiped 

Qx =  {a\M) x  ••• x(am,bm) x  (am+l,bm+i) x  ••• x (a„,b„), 
m n 

|Gi| = !!(*<-*'•) I T (b,-a,)>0. 
i=\ i=m+l 

For t,s =  1,2,.. . w e set 

vts(y) =  < 
Y[ sin[f (/,-y,- + ct)] Yl &fa[s(liyi  + ct)], y  e Qu 
i=l i=m+l 

10, ye&\Qi. 

(44) 

Here the /,- and c, for z  = 1,..., ra are defined i n (36), while 

//= =— —, Ci  = -ai-li, i  = m+ l,...,n.  (45 ) 
bt - a t 
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o 1  _ 

Obviously v ts(y) G  W2(Cl) for al l t,s  =  1,2,... , an d b y direc t computa -
tions we find that 

Gi[vts] = Q )" • |fi,| • |  (t 2-s2)-J2h +  1 —Al, (46 ) 

C?2[«tt] = Q ) " •  |Gi | • | (t 2 -s 2) •  j^l2 ~  1  -  *  | •  (47 ) 

From thi s i t i s eas y t o se e tha t th e functiona l G\[v ts], {G2[v ts]) for an y 
X G i?1 i s unbounde d belo w (respectively , above) , an d fro m (42 ) (fro m 
(43)) w e find  tha t th e functiona l G[v],  which i s th e genera l solutio n o f 
the IPCV for equatio n (14) , is unbounded belo w (respectively , above ) o n 
o 1 

W2(0). 
Further, repeatin g the arguments o f Steps 1  and 3  of the proof o f The-

orem 1 , we can show that the functional G[u]  obtaine d fro m G[v]  of (41 ) 
by the changes inverse to (10 ) and (8 ) (see Lemmas 2 and 3) , which is the 
general solutio n o f th e IPC V fo r th e ultrahyperboli c equatio n (1) , i s un -
bounded o n M  bot h abov e and belo w fo r an y constant coefficient s p lj,b[ 
(ij =  1,...,«) , andr . • 

For a  paraboli c equatio n ther e doe s no t exis t a  solutio n o f th e IPC V 
in th e clas s of Euler-Lagrang e functiona l (3 ) [54] . Fo r an y nonparaboli c 
equation (1 ) i n Q  suc h solution s exis t (Lemm a 1) . However , fo r an y ul -
trahyperbolic (includin g hyperbolic ) equatio n (1 ) an d als o fo r a n ellipti c 
equation (1 ) fo r r  >  r0 >  0 (assumin g tha t Y?i,j=\P ij&Zj >  / ^ l2 >  0 ) i n 
the clas s o f Euler-Lagrang e functiona l ther e ar e n o functiona l bounde d 
above o r belo w which ar e solution s o f th e IPC V i n Formulatio n 2 . I t i s 
therefore necessar y t o invok e othe r classe s o f functiona l distinc t fro m 
the class of Euler-Lagrang e functiona l (3 ) to develop a  direct variationa l 
method of investigating even these basic equations of mathematical physics 
and to apply minimization method s to the functional o f the correspond -
ing variational problem . 
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