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Differential Length, Area, and Volume

This chapter deals with integration and differentiation of vectors
— Applications: Next Chapter.

Differential Lenqgth, Area, and VVolume

A. Cartesian Coordinate Systems: ) /d.v
Q

1. Differential displacement: 1
ST 7R

Differential displacement from point D1 ¢ D

S(x,y,2) to point B(x+aXx,y+ady,z+az) Is: .

d=axa+dya,+adza, / * -

X




Differential Length, Area, and Volume

A. Cartesian Coordinate Systems:

2. Differential normal surface area

4

4 % dx a,
{ { o
dz daz dy
// dx

a, dy

(a) (b) (¢)

’\!

(@) dS=ady dza, (b) OS:dxo’zay (c) dS=ax ay

d,




Differential Length, Area, and Volume

A. Cartesian Coordinate Systems:

3. Differential volume

av=ax dy az

Notes:
al, &5 — Vectors

adv — Scalar




Differential Length, Area, and Volume

B. Cyvlindrical Coordinate Systems:

1. Differential displacement: \
d
/‘ il
Sz l)/1

o o \\t; L '
— . |
d=dpa t+ pdpa, +dza, 4 Gl [T

l
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Differential Length, Area, and Volume

B. Cylindrical Coordinate Systems: - /ufp
2. Differential normal surface area )
E— b
| N
pdd ' a. pd¢
dz
Note.: aS
: can be
i derived
@) () (c) from df

> * ot Y
& )
i‘

(@) aS=pdpdza, (b)aS=dpdza, (c)dS=pdpdpa,

3. Differential volume | @V=p dp dp dz -




Differential Length, Area, and Volume

C. Spherical Coordinate Systems:

1. Differential displacement:

;

d¢) =rsin 0 do

o =adra,

+ rdba,

+ rsinf dpa,




Differential Length, Area, and Volume

-
F .

-~

. . . pdg=rsin & dg
C. Spherical Coordinate Systems: \
2. Differential normal surface area
efr
1 2 3 N
rsin0dg rsin 6 do A
.
dr 2
rdo
rde dr
iy
Note: 0S can
(a) (b) (c) be derived
=y
“ | from A

X

() S=r’sind df dpa, (b) dS=rsind drdpa, (c)dS=rdrdda,

3. Differential volume

adv=rZsing ar do dy :




Example 3.1

Consider the object shown. Calculate :
(a) The length BC

(b) The length CD

(c) The surface area ABCD
(d) The surface area ABO
(e) The surface area AOFD
(f) The volume ABCDFO

D(5,0,10)

X475 0.0)

Y

€(9,;10)




Example 3.1 - solution
Object has Cylindrical Symmetry — Cylindrical Coordinates

Cartesian to Cylindrical:
A(5,0,0) —)A(5,OO,O) s ool F C(0, 5, 10)
B(0,5,0) > B(5,7/2,0)

C(0,5,10) —» C(5,7/2,10)
D(5,0,10) — D(5,0°,10)
(a) along BC, dl =dz

\‘{wo 0)

wl?2

10
BC:jdl:jdz:lo
0

(b) Along CD, di=pdg — CD= [ pdg=54; =25z
0

0



Example 3.1 - solution
(c) for ABCD, dS = p d¢ dz, p=5

Area ABCD :j dS

10 7/2

— J j Jo, d¢ dz = (5)(72-/2)(10) s 010 F (0, 5, 10)

z=0 ¢=0
=257
(d) for ABO, dS=p dg dp, z=0

5 xl2

areaABO= [ [ pdpdp | b .
p=0 ¢=0 o

: : A, 0,0)
_(zlz)[’; }6.257:

0




Example 3.1 - solution

(e) for AOFD, dS=dp dz, ¢=0

5 10
area AOFD= J' j dp dz =50

p=02z=0

(f) For volume ABCDFO,

dv=pdg dzdp
5 #x/2 10
v:jdv:j j jpd¢dzdp
p=0¢=0 z=0

=062.57

D(5,0,10)

X475 0.0)

Co

0,5;10)




Line, Surface, and Volume Integrals

(Line=Curve=Contour) Inteqgral:

The Line integral jA-dl is integral of the tangential component
L

of vector A along L.

. _[A-dl :T\A\cose dl >
L a

Line integral of A around L.

* If the path of integration is

closed, such as abca, CJSA dl > — e S
L \‘_ //
Path L =

Circulation of A along L.




Line, Surface, and Volume Integrals

Surface Inteqgral:

Given vector A continuous In a region containing the surface S—

The surface integral or the flux of A through S is:

v J‘A | dé Surface S /
S -

‘P:NA\COSH dS, dS=dS a,
S

Flux across dS is: dy=|A|cosd dS = A-dS
— Total Flux ¥ = 'dw:jA-dS
S

14




Line, Surface, and Volume Integrals

Surface Inteqgral:

For a closed surface (defining a volume) :

Y= C_‘S A-dS — The net outward flux of A fromS
S

Notes:
A closed path defines an open surface. _
A closed surface defines a volume. .

Volume v
T~
|- Closed

surface S

v
¥‘\/J 15




Line, Surface, and Volume Integrals

Volume Integral:

We define:
| p, dv
VvV

as the volume integral of the scalar p ,over the volume v.

16




Example 3.2

Given that F=x“a, — Xz a,— y“a,. Calculate the circulation of F

around the (closed) path shown in the Figure.

A
A

1

17




Example 3.2 - solution

The circulation of F around L Is:

SE)F-dI:U+£+£+£ ]F.du

For segment 1, y=0, z=0

F=x"a, —xz a, — y°a, = x“a, 9,
S @ ,
dl =dx a, (+ve direction) @ —)
1 O,

Segment2,x=0, =0, dl=dya,, F-dl =0 —>jF.d|=o
2

18




Example 3.2 - solution

. — 2 2
Segment3:y =1, F=x"a, -xza,—-y“a, dl=dxa,+dza,

jF.dlzszdx—dz
3

1

3 3

0

Segment4: x=1,F=a -za,-ya,

di=dya, +dz a,

A
1

IF‘O”:I_Z dy—yzdz, buton4,z=vy, dz=dy
4

[Fd ey -y =2,

®
, (*) . y
I
we °
,\l
:@F-dlz—%+0—g+g=—%




Del Operator

The del operator, written as Vv, Is the vector differential operator.

In Cartesian coordinates:

0 0 0
V=—a +—a,+—a,
OX oy ' oz

Useful in defining:

(1) The gradient of a scalar V, written as VV
(2) The divergence of a vector A, writtenas V-A
(3) The curl of a vector A, writtenas VxA

(4) The Laplacian of a scalar V, V*V




Del Operator

Del operator V In Cylindrical Coordinates: (p, ¢,2)

o= \/Xz 2 ¢:tan'1l Cartesian
- V—Ea +ia +£a
X=pC0S¢®, Y= pSing Ox oy ¥ oz

— use chain rule differentiation:

0 0 Sing 0
— =COS -

OX op p 0¢
O g0, 5058 0

oy op p 09



Del Operator

but a, =cos¢ a, —sing a, , Cartesian
a, =sIng a, +Cos¢y a,, a, =3, |y _ ga +£a +Ea
— V in Cylindrical: ox * oy ' o1
0 Ssing 0 .
V=| cos — Cosg a_—sing a
( Yo 0¢j( 42, sing )

(sm¢ap Ccfos¢aa¢j(sin¢ a,+cos¢a,) + %az

= In Cylindrical V=a, i+a ii+a 9

Pop ' pop oz

= In Spherical, V=a, E+a li+a 1 0

" or ro6 ’rsind og




Del Operator

Cartesian V:Eaﬁia +gaZ
OX oy ' oz

Cylindrical V=a, i+a ii+a 9
? Op po¢ oz

Spherical, V=a g+a li 1 @

+a, —
" or r 06 rsiné og¢

23




Gradient of a Scalar

The gradient of a scalar Vis a vector that represents both the
magnitude and the direction of the maximum space rate of

Increase of V

grad V:VV:a—VaX +6—Vay +8_Vaz
OX oy 0z

° \VV = maximum rate of change in V

e VV points in the direction of the max. rate of change in V

Example: Room with temperature given by a scalar field 7(x,y,z). At
each point in the room, the gradient of 7 at that point will show the
direction the temperature rises more quickly. The magnitude of the

gradient will determine how fast the temperature rises in that direction.




Gradient of a Scalar

The gradient of the function f(x,y) = —=(cos’x + cos?y)? depicted as a

projected vector field on the bottom plane

20 90

~"-90

25




Gradient of a Scalar

In Cartesian: — VV—ﬂa +ﬂa +ﬂaZ

OX oy oZ

For Cylindrical coordinates,
0 1 0 0

Recall V=a —+a,——+a, —
7 op pogp oz
—> VV= 8_Va +£6—Va¢+6—v a,
op © p 0¢ 0z

For Spherical coordinates,

Recall V=a £+a }i +a, 1 2
" or r oo rsin@ o¢
—> VV = a—Va +E@—V a, + 1 o a,
or r 06 rsing og




Gradient of a Scalar

Notes:  (a) V(V+U)=VV +VU
(b) V(VU)=VVU +UVV
(©) VF} _Uw —Zvvu
U U
(d) VW"=nV"' VV
where U and V are scalars
and n Is an integer

V' =constant

The gradient at any point is (contour)

perpendicular to the constant Vsurface

that passes through that point.




f(x,y) = —(cos?x + cos?y)?

f(x,y)

2_|_y2

X

Y) =
Y)

f(x
f(x

constant

=C

— Contour

+y° +7°

2

Y, Z) = X
f(x,y,2)

f (X

=C

level surface

9

surface of sphere)

(ex

constant —contour

28




Example 3.3

Find the gradient of the following scalar fields:
(@) V=e"? sin2x coshy (b) U =p° zcos2¢
(c) W =10r sin” @ cos¢

(a) VV:ﬂa +ﬂa +ﬂa
X y Z
OX oy 0z

=2e“cos2x coshya, +e“sin2x sinhy a, —e“sin2x coshy a,
(b) VU:a_Ua +£&a¢+a_u a
op © p O¢ 07
=2pzcos2¢a,—2pzsin2¢ a, + p°cos2g a,
(c) VW:aﬂaﬁlaﬂafr 1 oW a,
or r 06 rsind og¢

=10sin” #cos ¢ a, +20sin@cos@cosg a, —10sin sin ¢ a, =




Example 3.5

Find the angle at which line x = y =2z intersects the ellipsoid

X*+y°+2z°=10

To find the point of intersection: a,,

X° +Xx*+2(x/2)° =10 Ellipsoid
—2X°+05x° =10 > x =2
— point (2,2,1)
f(x,y,2)=x"+y*+2z° =10

— surface of ellipsoid [ f (X, y, z) =constant |
VI =2xa, +2ya, +4za,
At (2,2,1), Vi =da +4a +4a,

30




Example 3.5 - continued

Hence, a unit vector normal to the ellipsoid surface at P(2,2,1) is:

. Vi 4(a +a,+a,) a

\ \ J48 Ellipsoid
_,(a+a, +a)

y
J3
cos&’—a !
a, 1]

S (@/43)(111)-(2,21) 5
) V9 343

6 =15.79°
>y =90-0=74.2"
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