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An overview of the virtual crack closure technique is presented. The approach used is dis-
cussed, the history summarized, and insight into its applications provided. Equations for two-
dimensional quadrilateral finite elements with linear and quadratic shape functions are given.
Formulas for applying the technique in conjunction with three-dimensional solid elements as
well as plate/shell elements are also provided. Necessary modifications for the use of the
method with geometrically nonlinear finite element analysis and corrections required for ele-
ments at the crack tip with different lengths and widths are discussed. The problems associ-
ated with cracks or delaminations propagating between different materials are mentioned
briefly, as well as a strategy to minimize these problems. Due to an increased interest in using
a fracture mechanics—based approach to assess the damage tolerance of composite structures
in the design phase and during certification, the engineering problems selected as examples
and given as references focus on the application of the technique to components made of
composite materials[DOI: 10.1115/1.1595677
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1 INTRODUCTION a mathematical relationship betwe&) and G, /Gt [6].

One of the most common failure modes for composite strutailure is expected when, for a given mixed-mode ratio
tures is delaminatiofil—4]. The remote loadings applied to®1/Gt, the calculated total energy release re@s;, ex-
composite components are typically resolved into interlanfi®€ds the interlaminar fracture toughnéss, Although sev-

nar tension and shear stresses at discontinuities that cré&ifd SPecimens have also been suggested for the measure-

mixed-mode I, I, and Il delaminations. To characterize th@ent of the mode Il interlaminar fracture toughness

S roperty[15—1§, an interaction criterion incorporating the
onset and growth of these delaminations the use of fr""Ctlrgrassoring shear has not yet been established. The virtual

mechanics has become common practice over the past W9-k closure technique/CCT) [19—23 is widely used for
decadeg5-7]. The total strain energy release ra@, the computing energy release rates based on results from con-
mode | component due to interlaminar tensiGy, the mode tinyum (2D) and solid(3D) finite element(FE) analyses to

Il component due to interlaminar sliding she@ , and the supply the mode separation required when using the mixed-
mode 1l componentG,, due to interlaminar scissoringmode fracture criterion.

shear, as shown in Fig. 1, need to be calculated. In order toAlthough the original publication on VCCT dates back a
predict delamination onset or growth for two-dimensionajuarter century19], the virtual crack closure technique has
problems, these calculaté@ components are compared tanot yet been implemented into any of the large commercial
interlaminar fracture toughness properties measured ovegeneral purpose finite element codes such as M&SIRAN,
range from pure mode | loading to pure mode Il loadingBAQUS, ANSYS, ASKA, PERMAS Or SAMCEF. Currently
[8—13. A quasistatic mixed-mode fracture criterion is detelFRANC2D, developed by the Cornell Fracture Gro@FG) at
mined by plotting the interlaminar fracture toughneGs,  Cornell University, appears to be the only publically avail-
versus the mixed-mode rati®, /G, determined from data able, highly specialized finite element code that uses the vir-
generated using pure mode | Double Cantilever B€a®@B) tual crack closure techniqy®4,25. The virtual crack clo-

(G /Gy=0), pure mode Il End Notched FlexutdENF sure technique has been used mainly by scientists in
(G,/Gy=1), and mixed-mode Mixed Mode Bendinguniversities, research institutions, and government laborato-
(MMB) tests of varying ratios, as shown in Fig. 2 for IM7kies and is usually implemented in their own specialized
8552[14]. A curve fit of these data is performed to determineodes or used in postprocessing routines in conjunction with
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general purpose finite element codes. Lately, an increasekich the crack was extended virtually, yielding information
interest in using a fracture mechanics—based approach to@s-the most likely growth direction. Modifications of the
sess the damage tolerance of composite structures in the dethod have been suggested in the literature to allow the
sign phase and during certification has also renewed the mede separation for two-dimensional analyg38,39. An
terest in the virtual crack closure technigi#23]. Efforts equivalent domain integral methdthat can be applied to
are underway to incorporate these approaches inCii@a- both linear and nonlinear problems and additionally allows
posites Material MIL-17 Handbook for mode separation was proposed in R¢#0—45. The

The goal of the current paper is to give an overview of th@ethods above have been mentioned here briefly to comple-
virtual crack closure technique, discuss the approach usetent the background information. A comprehensive over-
summarize the history, and provide insight into its applicadew of different methods used to compute energy release
tion. Equations for two-dimensional quadrilateral elementates is given in Ref46]. Alternative approaches to compute
with linear and quadratic shape functions will be providedhe strain energy release rate based on results obtained from
Formulas for applying the technique in conjunction wittiinite element analysis have also been published recently
three-dimensional solid elements as well as plate/shell e[d7—49.
ments will also be given. Necessary modifications for the use For delaminations in laminated composite materials
of the method with geometrically nonlinear finite elemenwhere the failure criterion is highly dependent on the mixed-
analysis and corrections required for elements at the crack tifpde ratio and propagation occurs in the laminate plane, the
with different lengths and widths will be discussed. Theirtual crack closure techniqu¢l9-22 has been most
problems associated with cracks or delaminations propagaieely used for computing energy release rates because frac-
ing between different materialshe so-called bimaterial in- ture mode separation is determined explicitly. Recently new
terface will be mentioned briefly, as well as a strategy t&/CCT methods to compute mixed-mode energy release rates
minimize these problems. The selected engineering problesuwstable for the application with thp version of the finite
shown as examples and given as references will focus on #lement method have also been develdfEl. Some modi-
application of the technique related to composite materialsféesd and newly developed formulations of the VCCT allow
mentioned above. applications that are not based on finite element analysis and

are suitable for boundary element analys,51].

2 BACKGROUND 2.1 Crack closure method using two analysis steps

A variety of methods are used to compute the strain ENeTEYen though the virtual crack closure technique is the focus

release_: rate ??sed on results_obtamed from finite .elem%%his paper and is generally mentioned in the literature, it
analysis. Thdinite crack extension methd@6,27 requires ears appropriate to include a related method:cthek

two complete analyses. In the model the crack gets extencg(%;ure methoar two-step crack closure techniguBhe ter-

for a finite length prior to the second analysis. The memorﬁinology in the literature is often inexact and this two-step
provides one global total energy release rate as global for Sthod is sometimes referred to as VCCT. It may be more

on a structural level are multiplied with global deformat'or%ppropriate to call the method tizeack closure methobe-

;t/?rtcallc ul;eltekth()e(telr:eirg%/ ;Vi'rllag% tosg drvanci:re thenclzracﬁ. Kuse the crack is physically extended, or closed, during two
ual crack extensio ethogee— equires only one complete finite element analyses as shown in Fig. 3. The

complete analysis of the structure to obtain the deformatlor?:?ack closure method is based on Irwin's crack closure inte-

-Ia-P ?hzot;i;irllef:%%:ee:ﬁgstiéact;z‘llc)ﬂ;etigorr?l:)Sntljomgsgsk;cnag% ral[52,53. The method is based on the assumption that the
. : : y nergyAE released when the crack is extendedAz»y from
tional computation of the stiffness matrix of the element

affected by the virtual crack extension. The method vyiel s[FIg @] to a+Aa[Fig. Ab)]is identical to the energy
the total energy release rate as a function of the direction in
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required to close the crack between locatiorand i [Fig. surface. Forces at constraints may also be used if this option
3(a)]. Index 1 denotes the first step depicted in Fig)&nd s available in the finite element software used. The options

index 2 the second step as shown in Figh)3For a crack 4 giscussed in detail in the Appendix. The displacements
modeled with two-dimensional four-noded elements dA btained f d finite el t
shown in Fig. 3 the workAE required to close the crack=Uz¢ andaw, aré obtainéd from a second tinite elemen

along one element side can be calculated as analysis where the crack has been extended to its full length
a+Aa as shown in Fig. ®).

=4 +
AE=alXueAllzet ZyeAWe], @) 2.2 The modified crack closure method
The modified, or virtual, crack closure meth@dCCT) is
whereX,, andZ,, are the shear and opening forces at nodahsed on the same assumptions as the crack closure method
point ¢ to be closedFig. 3@)] andAu,, andAw,, are the described above. Additionally, however, it is assumed that a
differences in shear and opening nodal displacements at nadack extension ofAa from a+Aa (nodei) to a+2Aa
¢ as shown in Fig. ®). The crack closure method estab{nodek) does not significantly alter the state at the crack tip
lishes the original condition before the crack was extendedig. 4). Therefore, when the crack tip is located at nége
Therefore the forces required to close the crack are identitia¢ displacements behind the crack tip at nodes approxi-
to the forces acting on the upper and lower surfaces of theately equal to the displacements behind the crack tip at
closed crack. The forces,, andZ;, may be obtained from node{¢ when the crack tip is located at nodeFurther, the
a first finite element analysis where the crack is closed asergyAE released when the crack is extendedAzy from
shown in Fig. 8a) by summing the forces at common nodea+ Aa to a+2Aa is identical to the energy required to close
from elements belonging either to the upper or the lowéne crack between locatiagrandk. For a crack modeled with
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two-dimensional, four-noded elements, as shown in Fig. khodeled using single nodes, or two nodes with identical co-
the work AE required to close the crack along one elemeitrdinates coupled through multipoint constraints if a crack

side therefore can be calculated as propagation analysis is desired. This is discussed in detail in
the Appendix, which explains specific modeling issues.
AE=[X;Au,+Z;Aw,], ) For a crack propagation analysis, it is important to ad-

vance the crack in a kinematically compatible way. Node-

wise opening/closing, where node after node is sequentially

where X; and Z; are the shear and opening forces at nodglieased along the crack, is possible for the four-noded ele-
pointi andAu, andAw, are the shear and opening displacemnent as shown in Fig. (6). It is identical to elementwise
ments at node as shown in Fig. 4. Thus, forces and disgpening in this case as the crack is opened over the entire
placements required to calculate the enetdy to close the |gngih of the element. Nodewise opening/closing, however,
crack may be obtained from one single finite element analysqits in kinematically incompatible interpenetration for the
sis. The details of calculating the energy release @te gjght-noded elements with quadratic shape functions as
=AE/AA, whereAA is the crack surface created, and thgnown in Fig. 6b), which caused initial problems when

separation into the individual mode components will be digjght-noded elements were used in connection with the vir-

cussed in the following section. tual crack closure technique. Elementwise opening—where
edge and midside nodes are released—provides a kinemati-
cally compatible condition and yields reliable results, which

3 EQUATIONS FOR USING THE VIRTUAL was demonstrated in Ref&],[54],[55] and later generalized

CRACK CLOSURE TECHNIQUE expressions to achieve this were derived by Rajli.

In the following, equations are presented to calculate mixed- 1h€ mode I and mode Il components of the strain energy
mode strain energy release rates using two-dimensional fifi@ase ratei, andG,;, are calculated for four-noded ele-
element models such as plane stress or plane strain. Differ@ts as shown in Fig.(a):

approaches are also discussed for the cases where the crack 1

or delamination is modeled with plate/shell elements or with G = = 53— Zi(W¢ = W), 3)
three-dimensional solids.

Xi(Ug—Ugx), 4)

1
©1="23a

3.1 Formulas for two-dimensional analysis

In a two-dimensional finite element plane stress, or plane
strain model, the crack of lengthis represented as a one-
dimensional discontinuity by a line of nodes as shown in Fig
5. Nodes at the top surface and the bottom surface of tt
discontinuity have identical coordinates, however, and ar
not connected with each other as shown in Fi@)5This

lets the elements connected to the top surface of the cra 3

e
deform independently from those connected to the bottor //Ir *

crack closed
undamaged structure

I

jl”

surface and allows the crack to open as shown in Filg). 5 I i
The crack tip and the undamaged section, or the sectiC nodat points at \

*—o——4¢

upper and lower

where the crack is closed and the structure is still intact, isumace have identicat

coordinates crack modeled as crack tip

discrete discontinuity

(). Initially modeled, undeformed finite element mesh
a Aa Aa

crack closed a

zw,Z _

crack closed
undamaged structure
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! A 4

Aug crack modeled as
discrete discontinuity
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(). Deformed finite element mesh
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where 2=2,=2, and X=X;=X; from equilibrium Fig. 5 Crack modeled as one-dimensional discontinuylni-
tially modeled, undeformed finite element mesh dmdleformed

Fig. 4 Modified crack closure methddne-step VCCT finite element mesh.
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whereAa is the length of the elements at the crack front and 1

X, andZ; are the forces at the crack tipodal pointi). The Gi= = Sag [ 4i(We=Wex) + Zj (Wi = Wine ) ], ()

relative displacements behind the crack tip are calculated

from the nodal displacements at the upper crack facand 1

w, (nodal pointf) and the nodal displacements. andw « Gi= = 5z [Xi(Ur=Upe) X (U= Upe ) ], (6)

at the lower crack facénodal point¢*), respectively. The

crack surfaceAA created is calculated adA=AaXx1l, whereAa is the length of the elements at the crack front as

where it is assumed that the two-dimensional model is above. In addition to the forces; and Z; at the crack tip

unit thickness 1. While the original paper by Rybicki andnodal pointi) the forcesX; andZ; at the midside node in

Kanninen is based on heurisitic argumelrit8], Raju proved front of the crack(nodal pointj) are required. The relative

the validity of the equatiorf21]. He also showed that thesliding and opening behind the crack tip are calculated at

equations are applicable if triangular elements, obtained bhgdal pointst and¢* from displacements at the upper crack

collapsing the rectangular elements, are used at the crack tgze u, andw, and the displacements;» andw,« at the
The mode | and mode Il components of the strain enerdgwer crack face. In addition to the relative displacements at

release rateG,, andG, , are calculated for eight-noded el-nodal points¢ and ¢* the relative displacements at nodal

ements as shown in Fig(i): points m and m* are required, which are calculated from
a a Aa
—— i el —— -
crack closed crack closed
1st configuration 2nd configuration

(a). Node wise crack opening for four-noded element

——
crack closed
. - - o - Fig. 6 Kinematic compatible
¢ ¢+ ¢ ¢ ¢ crack opening/closurea) Node-
® * ¢ * c ¢ ot P S 4 wise crack opening for four-noded
. - - T ° element and) crack opening for
[ ] [ ] L J [ .
. . - eight-noded element.
® ® [ ] *

1st configuration

a Aa a Aa
crack closed crack closed
[ ] L ] 9 L - L J - L L ® L L ] - ® ®
] % q L ) '} ¢ * e 9 )
® [ 3 ] ¢ ) [
[ ] ) ¢ [ ] ]
2nd configuration; incompatible node-wise 2nd configuration: compatible element-wise
crack opening/closure crack opening/closure

(b). Crack opening for eight-noded element
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displacements at the upper crack fagg and w,, and the at the crack tip. However, special two-dimensional crack tip
displacements;+ andw,« at the lower crack fac21]. The elements with quarter-point nodes as shown in Fig. 8 have
crack surfaceAA created is calculated adA=AaXxX1, been proposed in the literatuf@1,56-58. Based on the
where it is assumed that the two-dimensional model is tifcation of the nodal points a&=0.0, 0.25, and 1.0, these
unit thickness 1. The equations are also applicable if triaguarter-point elements accurately simuléte 1/,r singular-
gular parabolic elements, obtained by collapsing the paiiy of the stress field at the crack tip. Triangular quarter-point
bolic rectangular elements, are used at the cracietih The elements are obtained by collapsing one side of the rectan-
total energy release ra€e; is calculated from the individual gular elements, as shown in Figh8 The mode | and mode
mode components as Il components of the strain energy release r&g, andG,,

are calculated for eight-noded singularity elements using the

simplified equations given in Ref21]:
G1=G+G;+Gy, (7) P a g 21l

whereG,,, =0 for the two-dimensional case discussed. 1
The VCCT proposed by Rybicki and Kanninen did not G=— 53— [Zi{t1a(We— W)+t Wim = W)}
make any assumptions of the form of the stresses and dis-

placements. Therefore, singularity elements are not required + Z{to(We—Wes ) + oo Wi = Wins )}, (8)
a Aa Aa
2w,z A D " | crack closed
Wy
4 1z
U, i Kk
Wy —
X; xu,X
ug| £°
element
thickness=1

Gi=-Z(w,-wg)/(24a)

Gn=-X|(U,-U1)/(2Aa) ) ) .
Fig. 7 Virtual crack closure technique for 2D
(a). Virtual Crack Closure Technique for four-noded element (lower surface forces are omitted solid elementsa) Virtual crack closure technique

Jor clarity) § for four-noded elementiower surface forces are
@ ) da L Aa o omitted for clarity and b) virtual crack closure
w2 crack closed technique for eight-noded eleme(idwer surface
forces are omitted for clarily
Wy
u Wm [
] ", 42 z 1
2 T i b Kk
Wy Wor »>s -
e X X; X,U,X
- um'
Uy 2 4 *
element
thickness=1

Gi=-[Z(W-wpr)+ 2 (Wm Wer) ]/ (24a)
Gu=-[Xi(y-upr)+X;(Un-Ux)]/(24a)

(b). Virtual Crack Closure Technique for eight-noded element (lower surface forces are omirted
for clarity).
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1
Gy=- E[Xi{tn(ue_ Ugx) Ft1o(Um—Ume) }

+ X {toa(Ue—Ugx) + o U= U )}, 9
where
T 1
t11:6_ 7, t12:67T_20, t2l:§’ t22: 1 (10)

In contrast to regular parabolic elements, E§$.and(9) for
the quarter-point elements have cross terms involving t

Aa Aa

a

element
thickness=1

(a). Quaditrilateral elements with quarter point nodes.

3 6 2
collapse
7 b 5 z>
4 8 1
a Aa Aa

w2 A crack closed
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corner and quarter-point forces and the relative displace-
ments at the corner and quarter-point nodes. Equafi®ns
and (9) are also valid if triangular quarter-point elements,
obtained by collapsing one side of the rectangular elements,
are used at the crack tip as shown in Figh)8Note that for
triangular elements the nodal forces have to be calculated
from elementsA, B, C, andD around the crack tip. Special
rectangular and collapsed singularity elements with cubic
shape functions are also discussed in R2i]. A special
six-noded rectangular element with quarter-point nodes is
described in Ref.59]. Due to the fact that these elements are
het readily available in most of the commonly used finite

Fig. 8 Singularity elements with quarter-point
nodes at crack tipg) Quadtrilateral elements with

quarter-point nodes andb) collapsed quarter-

point element.

element
thickness=1

(b). Collapsed quarter point element.
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element codes, equations are not provided. For additiosalrface have identical coordinates and are not connected with
information about singularity elements the interested readssich other as explained in the preceding section. The delami-
is referred to Refd58],[60—64. nation front is represented by either a row of single nodes or
two rows of nodes with identical coordinates, coupled

) ) ) through multipoint constraints. The undamaged section
3.2 Formulas for three-dimensional solids and plate where the delamination is closed and the structure is intact is
shell elements modeled using single nodes or two nodes with identical co-
In a finite element model made of three-dimensional soligldinates coupled through multipoint constraints if a delami-
elements[Fig. 9(@)] or plate or shell type elemen{§ig. pation propagation analysis is desired. This is discussed in
9(b)] the delamination of lengtla is represented as a tWo-getajl in the Appendix, which explains specific modeling is-
dimensional discontinuity by two surfaces. The addition@l eg.
dimension allows us to calculate the distribution of the en-
ergy release rates along the delamination front and makeS.2.1 Formulas for three-dimensional solids
possible to obtairG,,, which is identical to zero for two- For convenience, only a section of the delaminated area that
dimensional models. Nodes at the top surface and the bott@mmodeled with eight-noded three-dimensional solid ele-

nodal points at
upper and lower

surface have identical / . * /
coordinates /. / -

delamination modeled
as discrete discontinuity

delamination closed

delamination front undamaged structure

Fig. 9 Delaminations modeled
a Aa Aa as two-dimensional discontinuity.
' a) Delamination modeled with bi-
linear 3D solid elements ant)
delamination modeled with bilin-
ear plate/shell type elements.

(a). Delamination modeled with bilinear three-dimensional solid elements

delamination front

nodal points at

upper and lower
surface have identical
coordinates

delamination closed
undamaged structure

delamination modeled as
discrete discontinuity

a Aa Aa

(b). Delamination modeled with bilinear plate/shell type elements
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ments is illustrated in Fig. 10. The mode |, mode Il, andetter identification in this and the following figures, col-
mode Il components of the strain energy release 1@, umns are identified by capital letters and rows by small let-

Gy, andGy,, are calculated as ters as illustrated in the top view of the upper surface shown
in Fig. 10b). Hence X;, Y,.;, andZ ; denote the forces at
1 the delamination front in columhb, rowi. The corresponding

Gi=— Saa Zui(WLe=Wiex), (11) displacements behind the delamination at the top face node

row ¢ are denoteds, ,, v, ., andw,, and at the lower face
node rowt* are denotedi, o+ , v ¢+ , andw, ¢+ as shown in
Fig. 10. All forces and displacements are obtained from the
Gu=~ Zaa Kuillue = tee), (12) " finite element analysis with respect to the global system. A
local crack tip coordinate system’(y’,z’) that defines the
normal and tangential coordinate directions at the delamina-
(13) tion front in the deformed configuration has been added to
the illustration. Its use with respect to geometrically nonlin-
ear analyses will be discussed later.
with AA=Aab as shown in Fig. 1465]. Here AA is the For twenty-noded solid elements, the equations to calcu-

area virtually closedAa is the length of the elements at thdate the strain energy release rate components at the element
delamination front, and is the width of the elements. Forcorner nodeslocationLi) as shown in Fig. 11 are

1
Gy=- mYLi(UL(,_ULe*),

local crack tip
system

', u', X'
g
JF B e e
- /
S
- zZw,Z [ .Y
global
2 4a Aa system x,u,X
(). 3D view (lower surface forces are omitted for clarity) Flg' 10  Virtual crack clpsure technque for four-
noded plate/shell and eight-noded solid elements.
delarrination font | yv.Y a) 3D view (lower surface forces are omitted for
? i clarity) and b) top view of upper surfacéower
delaminated intact area surface terms are omitted for clanity

area

b s
b/2 ;
L

b/2

global system
yv,Y

2 i
a | Aa ’ Aa J xuX

(b). Top view of upper surface (lower surface terms are omitted for clarity)
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andZ; denote the forces at the delamination front in column

Gi=— 53 a [ 2Zki(Wike—Wipx) + Zyi(Wip =Wy ) K, row i. The relative displacements at the corresponding
2AA,

+ Z1 (Wi = Wi e ) + 52 (Wi — Wiy gx) 1,

columnK are calculated from the displacements behind the
(14)  delamination at the lower face node rd asuy x , vy« ,
andwy+ and at the top face node rofy asuy,, vk, and
Wy, [Fig. 11(b)]. Similar definitions are applicable in column
M for the forces at node rowand displacements at node row

Gy=- TAL[%XKi(UKFUKf*)"'XLi(ULFULf*) ¢ and in columnL for the forces at node row andj and
displacements at node rotvand m, respectively. Only one
+XLj (U= U ) + 2Xwmi (U= Umes) ], (15)  half of the forces at locationki and Mi contribute to the
energy required to virtually close the arAd, . Half of the
forces at locatiorKi contribute to the closure of the adjacent
Gy=- TAL[%YKi(UK€_UK€*)+YLi(U Le—ULex) areaAA; and half of the forces at locatiodi contribute to

+YL(0Lm—vLme) + 3 mi(ome—vmex) ],

the closure of the adjacent arda\, .
(16) The equations to calculate the strain energy release rate
components at the midside noflecationMi) as shown in

whereAA, =Aab as shown in Fig. 1166]. HereXy;, Yk;, Fig. 12 are as follow$66,67:

local system A zZ'w\Z'

A4 -

_— — ) —

Aa

Aa

(a). 3D view (lower surface forces are omitted for clarity)

Y
delamination front A ¥

£

m

delaminated ST

area

b/2

' U, X'
4
L

zw,Z ¥

global

system x,u,X
Fig. 11 Virtual crack closure technique for cor-
ner nodes in eight-noded plate/shell and twenty-
noded solid-elements) 3D view (lower surface
forces are omitted for clarijyandb) top view of
upper surfacelower surface terms are omitted

intact area for clarity).

b/2

— ' X

global system
yv.Y

x,u,X

(b). Top view of upper surface (lower surface terms are omitted for clarity)
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1 1 1 1 1 1
G=- m{EZU(WH_WL{{*)+§ZLJ(WLm_WLm*) Gy=- m{EYU(UL(_va*)+§YLj(ULm_ULm*)
1 1
+Zyi(Wae = Winex )+ 5Zni(Wine = Wiiex) FYmiUmemvmern) FSYNI(ONeT UNer)
1 1
+ EZNJ(WNm_WNm*) ) (17) + EYNj(UNm_UNm*) ) (19)

where only one half of the forces at locatidnis Lj andNi,

Nj contribute to the energy required to virtually close the

areaAA,, . Half of the forces at locationisi andL | contrib-

ute to the closure of the adjacent a®Ax and half of the

+ Xmi(Unme— umg*)‘l‘%XNi(UN(— Upex) forces at locationsli andNj contribute to the closure of the
adjacent area A,.

1 1 1
Gy=- m[zxu(uu_ ULe*)+§XL1(ULm—ULm*)

Instead of computing the strain energy release rate com-

+ %XNJ(UNm—UNm*)}' (18) ponents at the corner or midside nodes as described above,

G,, G;, and Gy, may be calculated for an entire element,

local system A zZw.Z'

]
3
— X
A — = — = — —|— —
~ // .
= =4 yv.Y
- global
a Aa Aa system x,u,X

Fig. 12 \Virtual crack closure technique for mid-
(). 3D view (lower surface forces are omitted for clarity) side nOde.S in eight-noded p!ate/She” and twenty-
Yy noded solid elements) 3D view (lower surface
delamination front A n forces are omitted for clarijyandb) top view of

m i ik upper surfacelower surface terms are omitted
delaminated g T intact area for clarity).
area s

global system
yv.Y

(b). Top view of upper surface (lower surface terms are omitted for clarity)
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which may be advantageous in cases where the elements are 1

not of square or rectangular shape. For example, for the com-Gu = — m[Yu(vu— ULex) YL (Om T U Lm)
putation of the strain energy release rate components along a

circular or elliptical front where elements are trapezoidal the

user may find this approach more suitable. The equations to FYui(Omemvme) FYni(Une T Uner)
calculate the strain energy release rate components for one
element as shown in Fig. 13 are as folloj6$—68: +Ynj(UNm™ UNme) s (22)
Gi=- 2AA, [Z0Li(WLe= W) + 20 j(Wim= Wime) where the forces at locations, Lj andNi, Nj are calcu-
lated only from elementé and B, which are shaded in Fig.
T Zpi (W= Wi ) + Zni( Wge = Wigex) 13(b). This is unlike the previous equations where four ele-
ments contributed to the forces at locatidris Lj and Ni,
+Znj(Wnm™ Wi )], (20) Nj. The force at locatiorMi is also calculated from ele-
1 mentsA andB, which is identical to the procedure above.
G=- m[xu(uu— Upex )+ X (UL m— Upme) A three-dimensional twenty-noded singular brick element

with quarter points is shown in Fig. 14. As mentioned above
the desired 1/r singularity of the stress field at the crack tip

is achieved by moving the midside node to the quarter posi-
+ Xnj(Unm= Unme) ] (21) tion. A prism-shaped singular element is obtained by collaps-

+ Xwmi(Ume = Unmer) + Xyi(Une— Unex)

local system A zZw.Z |
Element A Element B
= x' U X
L
D
- z,w,Z -
a Aa Aa global
system x,u,X
Fig. 13 Virtual crack closure techniqueele-
(a). 3D view (lower surface forces are omitted for clarity) ment method for eight-noded plate/shell and
o A v LY twenty-noded solid elementa) 3D view (lower
delamination front _ surface forces are omitted for clasitgndb) top
£ m ok view of upper surfacélower surface terms are
delaminated e SAALF AL LELEEE SELCLFEEXER P — intact area 0m|tted for Clanty

area

(0]

>

J

global system
yv.Y

il
’

£ m i i k
a ’ Aa ‘ Aa __' x,u,X

(b). Top view of upper surface (lower surface terms are omitted for clarity)
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ing a face of the element as shown in Fig. 15. Each set méde. The mode I, mode I, and mode Ill components of the
collapsed nodes at the front must either be defined assteain energy release ratg,, G, , andG,,, are calculated
single node or the degrees of freedom must be connecfeda brick or prism singularity element using the simplified
through multipoint constraints as if each set was a singbgjuations given in Ref68]:

G=- 20A, [Zu { 21 (Wem= W) T tao( Wi = Wi ex ) = 282 Wi g = W g% ) — > (Wng— W)
t1o
+Zpif tid Wy = Wiex ) — ?(WLf_WL{’*)_2t12(WN€_WN€*)+tll(WNm_WNm*)
+Zy; E(WNf_WN{’*) + (Wnm= W) ( +Zwi 7(WLm—WLm*) Fto1(Wie = W ex ) F ton( Wy — Wiges)
t11 1
F (W= W ex) + ?(WNm_WNm*) FZj ) (Wem = Wme )+ E(WLe_WLe*) ; (23)
local system A zZwW,Z .
Element A IGHERt S
b N-
[ Mo .\ WMy WNm Zni Znjd
~ —-L WLz 14‘
2 — ' u' X'
®
—_— —_ —
- = . zw,Z
y.v,Y
a Aa Aa global
system x,u,X
(a). 3D view (lower surface forces are omitted for clarity) Fig. 14 Virtual crack closure techniqueele-
ment methodl for twenty-noded quarter point el-
ements.a) 3D view (lower surface forces are
omitted for clarity andb) top view of upper sur-
st et face(lower surface terms are omitted for clajity
(=] intact area
area
b xu' X

global system
yv,Y

a __| Aa ‘ Aa _J x,u,X

(b). Top view of upper surface (lower surface terms are omitted for clarity)
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1
Gy=- 20Ay XLi) tra(Upm= Upms ) +taa(Upg— Upex)

to
—2tg(Up = Upex) — ?(Uw_ Ungx)

tio
+Xni) tiUme = Umer) — 7(UL€_ Upex) = 2ty5(Une = Ungx ) +E1a(Unm— Unp)
+ Xnij E(uNf’_ Ungx) + (Unm— Unmet ) [+ X 7(uLm_ Up ) +t22(Up e — Upgx)
Ftop(Une— Ungr ) F (U g —Upex ) + ?(UNm_ Unm) [+ X1 (U= Upme) + E(Uu_ ULex) |, (24)
element A —
»
y
4
4
]
- z,w,Z X
a Aa Aa global
system x,u,X
element C coliapse
Fig. 15 Collapsed twenty-noded solid singular-
elsment B ity elements with quarter point nodes at crack tip
element A
%19 1 ] 4 element B
20 3 14 7 [
8
4
zw,Z Y
a Aa Aa global
system x,u,X

* quarter point nodes

m  collapsed nodes along front
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1 t1o
Gy=-— M[YU{tll(ULm_vLm*)+t12(vM€_UM€*)_2t12(UL€_vL(f*)_ 7(UN€_UN{€*)]

12
+YNi[t12(UM€_UM€*)_ 7(UL€_UL€*)_2t12(UN€_UN€*)+t11(UNm_UNm*)]

1
+YNj[E(UNf_UNK*)"_(UNm_UNm*)}+YMi

t1a
Ftovne—Uner) Flodv g —vex) + ?(va_UNm*)

where

t11: 67— 20,

t]_z: a— 4,

t21: a— 2,

11
?(ULm_ULm*)+t21(UM€_UM€*)

+Yy,

1
(ULm_ULm*)+§(UL€_UL€*)]}v (25)

As mentioned in the section for regular twenty-noded brick
elements, the forces at locatiohs, Lj andNi, Nj as well
asMi are calculated only from elememsandB, which are
shaded in Fig. 1®). In contrast to Eqg20)—(22) for regular
brick elements, Eq$23)—(25) for the quarter-point elements
have cross terms involving the corner and quarter-point

toy=— 7 +4. (26) forces and the relative displacements at the corner and

local crack tip | Z',wW'.Z'
system

x',u' X'

zw,Z v ¥
‘ global
a ! Aa | Aa | system x,u,X

(a). 3D view (lower surface forces are omitted for clarity)

Y
delamination front “ Y
2 i
delaminated =] R T FR——
area \:: j/
by
b1/2
- L X X
bo/2
by
global system
yv,Y
a I Aa ’ Aa _J x,u,X

(b). Top view of upper surface (lower surface terms are omitted for clarity)

Fig. 16 Virtual crack closure technique for four-
noded plate/shell elementa) 3D view (lower
surface forces are omitted for claritgndb) top
view of upper surfaceélower surface terms are
omitted for clarity.
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guarter-point nodes. Note that, for the prism element, tlyeéelding accurate strain energy release raifes-76. There-
nodal forces have to be calculated from elemeht®8, C, fore only the equations for this method are mentioned in this
and D around the crack tip as shown in Fig. 15. A threePaper. )
dimensional quarter-point brick element with 27 nodes is dis- FOr the four-noded rectangular plate element, as shown in
cussed in Ref[23]. Additional information with respect to Fig- 16, the equations to calculate the strain energy release
different equations for solid elements are given in Reféate components at the element corner nodiesation Li)

[22],[68-73. are
3.2.2 Formulas for plate/shell elements
The use of four-noded plate elements to calculate the mixed-G1= = 534 ZLi(WLe—Wiex), (27)

mode strain energy release was demonstrated in [Re].

Equations for the use of VCCT in conjunction with four- and 1

nine-noded plat(_a element§ were derived by Wang aqd RaJuG“: - mxu(uu—uu*), (28)
[74]. Two techniques to tie the nodes at the delamination
front (row i in Figs. 16 and 1were discussed. For nodes of
the upper and lower surfaces, which are joined at the crack
tip, the first method enforced the compatibility of transla-
tional and rotational degrees of freedom for nodes with iden-
tical coordinates. In the second technique, only the compathere AA=Aa(b,+b,)/2 is the crack surface closed as
ibility of the translational degrees of freedom were enforcedhown in Fig. 16b) [74].

The second technique allowed the nodes to have independenthe equations to calculate the strain energy release rate
rotations. For the configurations and loads considered, tb@mponents for a nine-noded plate element as shown in Fig.
second technique appeared to provide preferable constraitisare, for the mode | components,

1
III:_mYLi(UH_ULf*)v (29)

D : .
> zw,Z 1 vy
I global

Aa Aa system x,u,X

(a). 3D view (lower surface forces are omitted for clarity)

delaminated delamination front

area \,,/ 7 m Pk Fig. 17 Virtual crack closure technique for
Sritsiol area nine-noded plate/shell elements) 3D view

(lower surface forces are omitted for clajignd
Yri %Yy | b) top view of upper surfac8ower surface terms
are omitted for clarity.

by o]

O

b3

global system
yv,Y

2 m i i k
a ‘ Aa ’ Aa I xuX

(b). Top view of upper surface (lower surface terms are omitted for clarity)
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1
Gl .=- m[zu(wu_wu*)+ZLj(WLm_WLm*)],
(30)

1
Gilu=— m[zMi(WW—WMe*)

+Zpj(Wym=Wnm=) ], (31)

1
Giln="— TAN[ZNi(WNé’_WN(*)+ZNj(WNm_WNm*)]a
(32)

mode Il components,

1
Gul,=- TAL[XU(UM_ULK*)"_XLj(uLm_uLm*)]v
(33)

1
Gulm=— m[xw(uw_uw*)

+ Xwj(Upm= Upmm) 1, (34)

1
Giln="— TAN[XNi(UNe_UN(*)+XNj(UNm_UNm*)],
(35)

and mode Il components,

1
Gul.=- TAL[YLi(ULL’_ULK*)+YLj(ULm_ULm*)]1
(36)

GIIIlM: - m[YMi(UMe_UW*)

+Yui(OMm— Umm*) s (37)
1
Guiln=— TAN[YNi(UNf_UN€*)+YNj(UNm_UNm*)]v
(38)

as given in Refs[74],[75]. Here indiced., M, N denote the
column location, as shown in Fig. @ and

AAL:_%Aa(b2+b3)1 AAM:_%AabZ

and AAy=—iAa(b,+by) (39)
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1
G||||M=_M[Yw(vw_vw*)]a (42)

with the equations for columnis andN unaltered.

Built-up structures are traditionally modeled and analyzed
using plate or shell finite elements to keep the modeling and
computational effort affordable. Computed mixed-mode
strain energy release rate components, however, depend on
many variables such as element order and shear deformation
assumptions, kinematic constraints in the neighborhood of
the delamination front, and continuity of material properties
and section stiffness in the vicinity of the debond when
delaminations or debondings are modeled with plate or shell
finite elementq74,75. For example, in Refl75] mesh re-
finement studies showed that compu@&d G, , andG,, did
not converge when the structure above and below the plane
of delamination was modeled with plate elements with dif-
ferent section propertieghickness or layup A comparison
of computed mixed-mode strain energy release rates ob-
tained from plate models with values computed from 3D
models showed differences in results near the free edges of
the structure where the stress state is[3D]. These prob-
lems may be avoided by using 3D models. Furthermore, 3D
analyses are required when matrix cracks and multiple
delaminations need to be modeled at different ply interfaces.
Since many layers of brick elements through the thickness
are often necessary to model the individual plies, the size of
finite element models required for accurate analyses may be-
come prohibitively large. For future detailed modeling, the
shell/3D modeling technique offers great potential for saving
modeling and computational effort because only a relatively
small section in the vicinity of the delamination front needs
to be modeled with solid elemenitg8s].

3.3 Formulas for geometrically nonlinear analysis

For geometric nonlinear analysis where large deformations
may occur, both forces and displacements obtained in the
global coordinate system need to be transformed into a local
coordinate systemx(,z’) that originates at the crack tip as
shown in Fig. 18. The local crack tip system defines the
tangential &', or mode I) and normal ¢’, or mode ) co-
ordinate directions at the crack tip in the deformed configu-
ration as shown in Fig. 1B) for the two-dimensional case.
The vector through noddsandk in the deformed configu-

are the equivalent crack surfaces apportioned to corner- aation defines the locat’ direction as shown in Fig. 18).
midside-crack front nodes, respectively. The equivalent cratke localz’ direction, which defines mode |, is perpendicu-
surfaces are obtained by assuming that the strain energyleg-to the localx’ direction, which defines mode Il. Forces at
lease rate components are constant across the width ofnade rowi and displacements at node rofvneed to be
element74]. For eight-noded plate elements tham terms transformed to the local’-z’ system at the tip as shown in
are equal to zero and the equations at colhare reduced Fig. 18b). The transformation is required to correctly com-
to pute the mixed-mode energy release raigsand G,,. The
total energy release rate remains unaffected by this transfor-

Gly=— 1 [Zui (Wage —Wynes) ], (40) mation. The accuracy of the computed mixed-mode energy
2AAy release rates depends on the accuracy of the forces and dis-

1 placements obtained form the nonlinear finite element analy-

Gulw=— Ak [ Xpi(Unie—Unes) ], (41) Sis. The equations to calcul_ate the mixed-mode energy re-
M lease rate components remain the same as before, with forces
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and displacements now expressed in the local system. [imensional analysis additionally requires the definition of
the two-dimensional eight-noded quadrilateral element withe tangential ¥’, or mode Il) coordinate direction, which
quadratic shape functions this yields will be discussed in Sec. 3.5.

1
G=- Aa[Z (wy— Wg*)-‘rZ (W}, Wm*)] (43)

3.4 Corrections for elements with different lengths or
widths at the crack tip

2

(44) 3.4.1 Correcting for elements with different lengths at the

crack tip

All equations in previous sections have been derived under
where X, Z{ and Xj, Z; are the forces at the crack tipthe assumption that the element lengttes for the element
(nodal pomtl) and in front of the cracknodal pointj) in the jn front of the crack tip and behind are identical. Once auto-
local crack tip system. The relative sliding and opening benatic mesh generators are used to create complex models,
hind the crack tip are calculated at nodal poifitand €*  the ideal case of identical element length can no longer be
from the transformed displacements at the upper crack fagg&sumed and corrections are required. In their original paper
u; andw; and the displacements), andw,, atthe lower Rybicki and Kanniner{19] use the 1 singularity of the
crack face. Additional to the relative displacements at nodgtress field at the crack tip to derive the corrected equations.
points¢ and¢*, the relative displacements at nodal poimts A sketch of a crack tip modeled with two-dimensional finite
and m* are required, which are calculated from displaceslements of unequal length is shown in Fig. 19. The forces
ments at the upper crack facg, andw,, and the displace- X;, z; at the crack tip(nodal pointi) calculated for an ele-
ments u, ., and w,, at the lower crack face. Three-mentlengthAa, are known from the finite element analysis.

1 ! ! ! !
G||: 2Aa[x (u€ u{*)+xj(um_um*)]n

local 7 directi dicul zZwZ ~ A local x' direction defined
@ o Zto le'znd‘??er&?;n h \/ o7 \ © through nodes i and k
-
= \
_ /T T xu, X'
L7 \ '
g o\ @ @ §;
\ = A\
C’\ — Ty m 7/ i\ i k P
o A~ &\ T
1\,/ - ’ \ - -0 z,w2
P ¢ il global system
/ % Vo\ o X,U,X
-
undeformed state g( \{ 7
\ P - @ position of node i in the deformed state
A\ e
?:;:Lrgg?is;a)te \G/ ~ @ position of node k in the deformed state

(). Definition of local crack tip coordinate system Fig. 18 Virtual crack closure technique for geo-

metrically nonlinear analysi®) Definition of lo-
cal crack tip coordinate system ahgiforces and
displacements in local coordinate systéimwer
surface forces are omitted for clarity

local crack tip system
zZw.Z

crack closed

undeformed state
(outline)

""""" x',u' X'

. zw,Z
’ global system
x,u,X

Gr={ Z5 (Wee W) + 2 (W W ) 1/ (240)
Gi= A X5 (U- Uer) 4 X, (Ume U ) 1/ ( 248)

(b). Forces and displacements in local coordinate system (lower surface forces are omined for clarity)
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Required for the virtual crack closure technique, however, A different approach for correcting the equations, which
are the force;, Z; matching the relative displacements adoes not depend on the assumption of thg Bingularity of
node{ behind the crack tip, which have been calculated féhe stress field at the crack tip, is depicted in Fig. 20 for the

an element lengtiAa, . 2D case. The different element lengths are accounted for by
The stress tip field at the crack tip can be expressed erecting the displacements behind the crackaimode(),
[53] which were computed for a lengtha,, to match the forces
X;, Z; at the crack tig(nodal pointi), which were computed
o1 =bo i: d_X: d_X (45) for an element lengtiAa,. The displacements are adjusted
“Jr dA bdr’ by taking into account the shape functions of the elements or

approximated by simple linear interpolation. For elements
with linear shape functions, where the displacement varies
linearly along the element edge, both methods are identical.
The displacement at locatiofsand ¢* are calculated using

a linear interpolation fona;>Aa, as shown in Fig. 2@)

and linear extrapolation is used fdra;<Aa, as shown in

whereb is the element width or thickness,, is the undis-
turbed far field stress, and(r) is the stress in front of the
crack, which is a function of the distancefrom the crack
tip. The forces at the crack tip for element lendth; and
Aa, are obtained through integration:

~ Aa; dr Fig. 2Qb) yielding
X | h-2bo.aal?, (46)
r
Aa Aa
X;=2bo,Aal?. @47 u :“"A_az’ uz*=u€*A—a2. (51)
1 1

A relationship between the forces can be derived, which
only depends on the length of the elements in front and be-

hind the crack tip The calculation of the crack opening displacemenis

done accordingly. With the relationship of the displacements
(48) established, the required displacements at locatfossd ¢ *

may be substituted with the displacemetisnd(* obtained
~ directly from finite element analysis, yielding the corrected
The calculation of the crack opening forgeis done accord- equations for the energy release rate components:
ingly. With the relationship of the forces established, the re-
quired forcesX;, Z; may be substituted with the forcés,

1/2

Aa
Xi: !

Aa,

Z; obtained from finite element analysis, yielding the cor- Gy=— = Zi(Wy— W) , (52)
rected equations for the energy release rate components 2Aa, Aay
1 a; 1/2
Gi=— 5xa ZWeWe)| 30| (49) Y i
2Aa, Aa Gy Aa, Xi(Up—Upx) Aa,’ (53)
1 Aal 1/2
Gi=- 2Aa, Xi(Ug=Ugs) Aa, (50) The method first described imposes an analytical relation-

ship based on the ¥ singularity of the stress field at the

crack tip. However, the second method is less restrictive be-
a Aay pas cause the results only depend on the finite element discreti-
zation at the crack tip.

’ crack closed

3.4.2 Correcting for elements with different widths along
the delamination front
w2 For the derivation of the equations in the previous sections it
had been assumed that the front is straight and that element
widths b remain constant along the front. Meshing of arbi-
trarily shaped delamination front contours will, however,
cause element lengtha and widthb to vary along the front.
Therefore, a two-dimensional representation of a crack or
xuX  delamination in a plate/shell or a 3D solid finite element
models also requires a correction accounting for differences
in element widths along the front. For components mod-
eled with four-noded plate/shell type elements or eight-
noded solid brick elements the correction is straightforward
as shown in Fig. 21. A variation of only the element length,
Fig. 19 Correction for elements with different lengths in front and @, yields equations equivalent to the 2D case discussed
behind the crack tip earlier:

Aay

A
_ —_- - ) = - -
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G 1 5 Aa,
|—_m Li(WL(f_WL(f*)H,
Aa,
Gu:_mxu(uu_uu*)ral,
Aa,
Gm:—m\(u(vu—vu*)ral-
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54 G st i 58

(54) 1= 3 AA T AA, Li(uLf_uL({*)raly (58)

55

> Gy sty i 59
1= "3 AA T AA, Li(UL(_UL(I*)ral- (59)

(56)

A simple equivalent expression for twenty-noded solid

The additional variation of the element widthrequires brick elements based on the equations presented in Sec. 3.2.1
the separate calculation of the contributing element surfadesot available. The set of equations given in Sec. 3.2.2 for
AA;=3Aayb; and AA,=3Aa,b,, yielding the corrected the higher-order plate elemert&4] may be used since the

equations for the energy release rate components

change of element width is already accounted for in the ex-
pressions for the mixed-mode strain energy release rates. The

G :_} 1 Z —w. Aay 57) Vvariation in element lengthAa, may be compensated as
[ 2 AA.+AA Li(Wie WLé*)A , (57) . . . .
1 2 a; described in the preceding section.
a , Aaq Aaz
—-‘ cT'ack closed
Aay
Zw,Z
X.U,?
Fig. 20 Correction for elements with different
(@) Shorter elemens in front of the crack tip lengths in front and behind the crack tig)
a | Aaq Aap _l Shorter elements in front of the crack tip abd
- - longer elements in front of the crack tip.
crack closed
| Aay Aaq
zwz | ,
O
Wy
B 1
21y |
Y ' |
i p———
Wi X ﬁ; x.u,X
2l Vo 1
u o 2 |
A

(b) Longer elements in front of the crack tip .
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Y
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2 i
delaminated —— intact area
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by
by/2
| — X
by } b2/2 2
/ global system
yv.Y
a ! Aaq AaJ x,u,X
Top view of upper surface
(lower surface terms are omitted for clarity)
delamination front
intact area
delaminated 1l
area
global system
yv.Y
I
x,u,X
zw,Z

secant through neighbouring
nodal points determines local y'
direction and
Mode llI

local crack tip
coordinate systems

Top view of upper surface
(lower surface terms are
omitted for clarity)

B

X,uX A \\\

local x* direction defined

through nodes i and k
local 2’ direction perpendicular
to local x*-y' plane determines local x' direction perpendicular
Mode | to local y'-z' plane determines

Mode I
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Fig. 21 Virtual crack closure technique for
eight-noded solid elements with different widths

Fig. 22 Virtual crack closure technique for arbi-
trarily shaped front
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3.5 Procedures for arbitrarily shaped delamination transformed forces and displacements are used in the previ-
front contours ously derived equations to calculate the mixed-mode energy
The equations presented in the previous sections were fléase rates. _ o

rived with the assumption that the delamination front is FOr the procedure described above it is assumed that the
straight. For a straight front as shown in Figs. 10-17 and ériesh remains normal to the delamlna_tlon front. Modern pre-
the definition of the modes is intuitive and constant for thefocessing software allows the modeling of almost any com-
entire front: Mode | is caused by the out of plane cracRIeX configuration; these programs, however, were not devel-
opening, mode Il by the shear perpendicular to the straighf®d [© guarantee the normality of the mesh and the

delamination/crack front, and mode Il by the shear Compg_elalr(n;natlon frgnt. The EﬁSCt ofa Iaclk of normality at thg_ q
nent tangential to the front. For an arbitrarily shaped frof 2¢ ront on the computed energy release rates was studie

the mode definition constantly changes along the contour '8 ef. [80]. It was shown that the standard formulations for

shown in Fig. 22. A local crack tip coordinate system ther<¥ CT were not able to extract accurate values from models

fore needs to be defined at each nodal point along the frcin?t did not have n_ormallty at the crack front when c_ompared
. . o reference solutions. It was also found that an increased

[79]. The vector through nodésandk in the deformed con- e - ) ;

: ) ) A variation from the normal condition yielded a greater dis-

figuration defines the locat* direction as shown for one

N . repancy. The formulation of an extraction method for

sample node in Fig. 22. The secant through adjacent no .

) A CT that yields accurate energy release rates for models
defines they’ direction and mode Ill. The local plane ofthat lack normality is given in Ref80]
delamination is defined by* andy’. The localz’ direction, yis9 '
which defines mode |, is perpendicular to the plane of
delamination. Finally, the locat’ direction, which defines 3.6 Suggested solutions for delaminations with sharp
mode Il, is perpendicular to thg’ andz’ plane. Forces at corners

node rowi and displacements at node rofvneed to be pelaminations with sharp corners—as shown in Figa23-
transformed to the locak’-y’-z" system at the tip. The pose a problem when computing mixed-mode energy release
rates as the separation into in-plane shiearde I) and tear-
ing (mode ll) is not defined. Ideally sharp corners generally
do not exist so that modeling a rounded corner, as shown in

In-plane shear Fig. 23b), appears to be an acceptable alternative. The mode
Mode Il separation is well defined at the rounded corner and the pro-
cedure described in the preceding section may be applied to
" Tearing define the appropriate local crack tip coordinate system.
! Mode |l The method suggested has been applied successfully to a

specimen with an embedded, square delamination as shown
in Fig. 24[81]. The method results in an increase of nodes
and elements and the model may become large. A recently
suggested modified approach uses stair stepped instead of
smoothed fronts and thus avoids an increase in model size
[82].

Tearing
Mode Ii!

In-plane shear l
Mode li

(a). Undefined mode separation at corner nodal point

i 1 secant through neighbouring
nodal points

(b). Well defined mode separarion at rounded corner. \
Fig. 23 Definition of mode separation at sharp corneydJnde-
fined mode separation at corner nodal point dmdvell-defined
mode separation at rounded corner. Fig. 24 Detail of a finite element mesh with modeled square insert

embedded Teflan i naert
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4 DEALING WITH THE PROBLEMS AT A rarely located at an interface between two plies of identical
BIMATERIAL INTERFACE orientation. One way to circumvent this problem is the intro-

Previous investigations have shown that care must be ex@lﬁction of an artificial thin resin rich Iayer that is assumed to
cised in interpreting the values f@;, G, , andG,, obtained €Xist between the pli€83,87. Delamination propagation in
using the virtual crack closure technique for interfacidhis case occurs in a homogenious material and the above-
delaminations between two orthotropic solid83—-8¢. mentioned problem does not exist. Although this technique
Mathematical solutions of the near crack tip field indicatéircumvents the issue, it requires larger models with signifi-
that stresses start to oscillate in the immediate vicinity of tle@nt refinement in the thin resin layer. Several other papers
tip when crack growth occurs at interfaces between materifigve addressed the problems of a bimaterial interface and the
with dissimilar properties as shown in Fig.(@h The fact associated stress oscillations near the crack tip in the past
that the mixed-mode ratio is undefined when the virtuadB8—-98.

crack closure lengtlha goes to zero has been associated It was shown in the literatur84] that finite values for the
with these stress oscillations near the crack tip. For cragktual crack closure length, egya/a>0.05 (Aa is the vir-
growth and delamination propagation in composite materiatsial crack closure length anal the crack length result in

this phenomenon has to be considered as the delaminationdarly constant mixed-mode ratios. In addition it was veri-

material A
] Aa
material B
Aa | Aa
(a). Bimaterial Interface
A I | |
- [ I |
" I I
| l I Fig. 25 Bimaterial interfacea)
Bimaterial interface, b) depen-
G dence of computed energy release
l I Aa: element length rate on element size at crack tip
| I I h:ply thickness andc) upper and lower bounds for
| I I element size at crack tip.
I | |
| | |
R
0.01 0.1 1.0
Aa/h
(b). Dependence of computed energy release rate on element size at crack tip
] [~
. ) )
/ \ e R S &
——t 1 1 1 ¥ H 1.0h
K‘ o0 ‘. ] 0.1h =
“ " | S s e
00/0Q ; ’
= =2,
0000 N
7 Aa
/ individual individual plies
Aa Aa fibers

(). Upper and lower bounds for element size at crack tip
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Table 1. Dependence of mixed-mode ratio in bimaterial interface on element size at the crack fip

Element length Aa  Relative element Relative crack

(mm) size Aalh closure lengthAa/a Mode ratio G, /Gy Mode ratio G, /Gy
0.0625 0.492 0.001 969 0.920 48 0.079 509
0.031 25 0.246 0.000 984 0.920 45 0.079 548
0.015 625 0.123 0.000 492 0.920 20 0.079792
0.078 125 0.0615 0.000 246 0.91574 0.084 262
0.003 906 25 0.0307 0.000 123 0.91562 0.084 377

4 ayup[ = 30/— 30/30/- 30/30/30F 30/30/- 30/— 30/30/ — 30/30/30/- 30/30/~ 30/— 30/30/~ 30/30+ 30],
C12K/R6376 tape, delamination lengih31.75 mm, ply thicknese=0.127 mm.

fied in Refs[85],[86] that evaluating the energy release rateshere the energy release rates are calculated. Variations in
via nodal forces and displacements in the finite element pigode mixety between these upper and lower bounds are

cedure yields resu_lts similar to the analytical e_valyation ®fpically very small and should prove acceptable for practi-
the crack closure integral based on the near tip fields. Fo§| applications.

larger values ofAa the energy release rate components were |, o previous investigation, mixed-mode energy release
found to be nearly constant, whereas for very smallthey rates were computed for an ENF specimen with multidirec-

are functions of element length as sketched in FigbPThe tional layup, where the delaminated interface was located

total energy releasé+=G,+ G, + G, , however, converges o apo -
to a constant value as shown in REf5]. The Aa/a values between a+30° and—30° ply [100,10]. A study indicated
that computed energy release ra@g and G, do not ex-

where the oscillation begins is connected with the valug of " “ R - ) )
found in the expression for the crack tip singularity, which i§|b|t a significant variation with mesh refinement as shown
given byr Y217 |t was also shown that evaluating energy Table 1. _ _
release rates by using larger valuesiaf/a, where the en- In another study the influence of the mesh size at the
ergy release rate components become stationary, yields sifglamination tip was investigated for a single leg bending
lar results to values obtained by an analysis performed 48LB) specimen with multidirectional layup, where the
suming a resin-rich region mentioned abd®8]. However, delaminated interface was located between3®° and—30°
the energy release rates evaluated with a lafg@rare in- ply [100,102,1038 The three-dimensional model of the SLB
sensitive to material inhomogeneities that exist. This is ghecimen is shown in Fig. 26. Along the length of the model,
prerequisite for an energy release rate that is to be usedaagefined mesh of length was used in the vicinity of the
fracture criterion in a real situation. delamination front. The influence of mesh size on computed
For the virtual crack closure technique, the energy releasg, oy mode strain energy release rates was studied by keep-
rates are defined as the virtual crack closure integral ove{n% the length of the refined zoreconstant, and increasing
finite crack closure length. This crack closure length corrgs \umber of elements, in this zone as sh,own in the detalil
sponds 'FO the lengths of the elements adjacent to the Cr%‘fl?:ig. 26. The corresponding values of relative element size,
front. This element lengtmda, must be chosen small enoughAa/h’ and relative crack closure lengtha/a, are given in
to ensure a converged FE solution but large enough t0 avgighe > The influence of mesh refinement on the mode |

oscillating results. The approach used must be consistgfibiy energy release rate distribution across the width is
when the definition of the energy release rates used for frqﬁbderate and only very long elementa=(3, Aa=c/n

ture predictions as well as that employed for material chag:L mm) need to be avoided as shown in Fig. 27. This is

acterization. This does not imply that the material tests MYt nfirmed by the mode Il and mode Il distributions as
be evaluated by FE models, but it should be established tl,;l%wn in Figs. 28 and 29 where the mode Il strain energy
the d"’?“".‘ reduction scheme is in agreement with the defmmP&ease rate is fairly constant across almost the entire width
of a finite crack closure length. Consequently, |'§ hgd beeR ihe specimen and peaks near the edges accompanied by
suggested to use element lengths at the crack tip in Suc‘b@al mode |lI contribution. The distribution of the mixed-

manner that the computed results are insensitive to the Valas e ratioG, /G, is shown in Fig. 30. For the range studied
tion of the element lengtha at the crack tip as sketched in(n:3 up to '48 ”there is only a émalll dependence of com-

Fig. 23b). puted mixed-mode ratio on element sia@. The results

L,:ppgr and Iovr\]/er bounds may Ee e}ssumed. for praﬁti%m the above studies of the multidirectional ENF and SLB
applications as shown in Fig. @5. The element sizdength  gh0cimens confirm the suggestion made earlier for lower

and height should not be less thafy of a ply thicknessh, bounds Aa/h>0.1) and ubper bounds\@/h<1.0) of ele-
which corresponds to the diameter of two carbbowsin the ment Ien%ths to be) used. PP @ )

carbon/epoxy material modeled as shown in Fig.cR5or
smaller element sizes the assumption of modeling each ply

as an orthotropic continuum is no longer valid. The pl CONVERSION OF ENERGY RELEASE RATES
thickness was suggested as a practical upper limit for el STRESS INTENSITY FACTORS

ment length and height because larger elements would he-metal fracture the stress intensity factoris commonly
quire smearing of the different layer properties over one alsed to describe the stress state at the crack tip. A consider-
ement as shown in Fig. 2§ [99]. Smeared or homogenizedable database exists of experimentally determined fracture-
properties would result in altered properties at the interfateughness value¥ ., obtained for a wide range of materi-
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als. It may therefore be desirable to convert computed strain Gy E
energy release ratds to stress intensity factor€. The as- K=
sumption of a plane stress condition yields

Ki=VGE, (60)
whereE is the Young’s modulus and is the Poisson’s ratio
Ki= \/ﬁ (61) [53].

Failure in composite materials is expected when, for a
given mixed mode rati®, /Gy, the calculated total energy
release raté&s; exceeds the interlaminar fracture toughness
G, as shown in Fig. 2 for IM7/855p14]. Due to the fact that
\/ GE (62) the calculation of stress intensity factors is not necessary for

(1-1%’ the prediction of delamination onset or growth in composites

the lengthy equations required to convert energy release rates
to stress intensity factors for orthotropic and anisotropic ma-
7 (63) terials are not given in this paper and the interested reader is
(1—1?) referred to the Ref{104].

(64)

while the assumption of a plane strain condition yields

K=

————— outline of undeformed configuration
we: deflection in the center of the specimen

length elements

. B 254 mm
detail of local
model around c 3.0 mm 12
delamination front € 2.0 mm 8 Fig. 26 Three-dimensional finite
\ f o 214mm 10 element model of SLB specimen

+30/0/-30/0/30
04

30/0/-30/0

-30

30
delamination
-30

30

delamination front
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Table 2. Mesh size at the crack tip for SLB specimen with multidirectional layug

Length c of refined Number of elements Element lengthAa Relative element  Relative crack

section (mm) n (mm) size Aa’h closure lengthAa/a
3.0 3 1.0 7.874 0.029
3.0 6 0.5 3.937 0.0145
3.0 12 0.25 1.9685 0.007 3
3.0 24 0.125 0.984 0.003 65
3.0 48 0.062 5 0.492 0.001 83

4 ayup [ + 30/0/— 30/0/30/Q/30/0/— 30/0/— 30/304 — 30/30/30/0/30/0f 30/, / — 30/0/30/0£= 30], C12K/
R6376 tape delamination lengé 34.3 mm, ply thicknes®=0.127 mm.

6 APPLICATION OF THE VIRTUAL CRACK CLO- sively in the past. In general 2D models are preferred by
SURE TECHNIQUE TO ENGINEERING PROBLEMS industry due to the fact that modeling time, as well as com-

Selected engineering problems where the virtual crack cigutational time, remains affordable, especially if many dif-
sure technique is applied to fracture of composite structuré$ent configurations have to be analyzed during the initial
are referenced in this section. Two examples from recedfSign phase. However, the geometry, boundary conditions,

studies showing the application of VCCT to 2D and 3D finit@nd other properties across the entire width are inherently

dimensional plane-stress model in the/ plane imposes the
6.1 Applying the virtual crack closure technique with out of plane stresses to be zero, (= r,,= 7,,=0) and al-
two-dimensional finite element analysis lows the displacement to be the free parameter. A plane-

Two-dimensional finite element models where the crack &frain model in the-y plane, on the other hand, imposes the

delamination is simulated as a line have been used ext@tt of plane strains to be zere = yx,= vy,=0), which
excessively constrains the plies. The effect of 2D modeling
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assumptions is most marked for 45° plies because of theomposite hat stringer pull-of specimens was examined in
high in-plane Poisson’s ratio, while it is small for 0° and 90°Refs.[119], [120]. The failure of lap joints was investigated
The influence of 2D finite element modeling assumptions on Refs.[121], [122] and the durability of bonded joints in
computed energy release rates was studied in detail in RRe&f.[123]. The virtual crack closure technique was also used
[105]. Based on the results of this investigation it is recomte investigate the facesheet delaminating from the sandwich
mended to use results from plane stress and plane straime[124-127 as well as delamination bucklifd.28,129.
models as upper and lower bounds. Two-dimensional mod&lslamination initiation from ply drops in general was stud-
may also be used to qualitatively evaluate the variation @d in Ref.[130] while the initiation specific to rotorcraft
energy release rates and mixed-mode ratios with delamirfil@xbeams was investigated in Ref$31], [132].
tion length. For more accurate predictions, however, a 3D To illustrate the application of VCCT to structural delami-
analysis is required. nation, an example is taken from the study of skin/stringer
Two-dimensional finite element models have been useddebond failure as shown in Fig. J133]. The specimens
study the behavior of specimens used and suggested for freensisted of a tapered laminate, representing the stringer,
ture toughness testing in Refsl06—114 and three-point bonded onto a skin as shown in Fig.(8L An IM7/8552
bending specimenll5]. losipescu specimens were studiedraphite/epoxy system was used for both the skin and flange.
in Refs.[116], [117]. The behavior of edge delaminationsThe skin was made of prepreg tape and had a nominal ply
was investigated in Ref$5], [20], [118] and the failure of thickness of 0.142 mm and[45/—45/0/—45/45/90/90-45/

le

™ 177 .8 mm -‘-'I
Corner 4 Corner 2
_EI:- 25.4 mm
/ fe— 42 mm —=1 \
Corner 3 i Corner 1
fe—— 50.8 mm —=|
Y
— T
[
{a) §pecimen configuration
- 101 6-mm >
Fig. 31 Skin/flange debonding
’ =T L ;pemmena? Specnmen configura
: o0 tion andb) finite element model of
u=v=0 at x=0 Static failure load: P=17.8 kN e skin/flange specimen.
‘ Z
- detail
450
adhesive
k)
{\ 45"
H -45°
l).‘ -

a°
¥= 26.1mm 26.2 26.4 26.6 26.8

{b). Finite element model af skin/flange specimen
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45/0/45/-45] layup. The flange was made of a plain-weavputed at each tip location for the loads applied in the experi-
fabric of 0.208 mm nominal ply thickness. The flange layuments. A critical energy release raf. needs to be deter-
was[ 45/0/45/0/45/0/45/0/4%, where the subscript f denotesmined to predict delamination onset. This critic@8l is
fabric, O represents a 0°-90° fabric ply, and “45” representggenerally identified based on the shape of the total energy
a 0°-90° fabric ply rotated by 45°. Quasistatic tension testslease rate versus delamination length curve, which is deter-
were performed in a servohydraulic load frame where thmined through analysis as shown in Fig. 32. Theversusx
specimens were mounted in hydraulic grips with a gageirve reached a maximuigas marked in Fig. 32at some
length of 101.6 mm as shown in Fig. &L The value of the virtual delamination length and then decreased. The delami-
damage onset loat, was averaged from four tests and denation was extended to a total simulated length of 2.2 mm to
termined to be 17.8 kN with a coefficient of variation ofascertain that the peak value had been captured. The total
8.9%. The tests were terminated when the flange debonded

from the skin. Micrographic investigations showed that at

corners 2 and 3, a delamination formed at the top 48%° dmessions inmm S e

skin ply interface. The initial crack was modeled at the loca i

tion suggested by the microscopic investigation as shown B e ' e

the detail in Fig. 3(b). Finite element solutions were ob- :'_-.- > section medeled

tained using the commerciaBAQus®/Standard finite ele- 800 —-—

ment software. Eight-noded quadrilateral plane-stres '“_;_F
==

(CPS8R elements with quadratic shape functions and a re SEE
duced(2x2) integration scheme were utilized for the geo-__» ’(‘F—ﬁ,‘) =

metric nonlinear analyses. For this investigation, the delam ——= _
nation growing between the skin top 45° and5° plies was -

extended by releasing multipoint constraints at the crack ti
and in front of the crack tip. During a series of nonlineal
finite element analyses, strain energy release rates were cc

(3). Delamination fucking spacimm ond sivtion modeles with three-dimenrional solid s
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energy release rates and the corresponding mixed modeafastitched composite structurdd41—-143. Delamination
tios G, /Gt are plotted in Figs. 32 and 33. The maximunuckling has been investigated as well using plate/shell mod-
total energy release ra®; as marked in the graph, wasels[69,144-148

chosen as the critical value to be used for the fatigue life
pred_iction[133]. This peak inGy z_ilso corre_sponded to the6 3 Applying the virtual crack closure technique to
maximum mode | percentage, ie, the minimum value %f

- e o . nalysis with solid finite elements
G, /Gy in Fig. 33. Similar investigations of skin/flange deb- ys! _WI ] ! I_ I_
onding are reported in RefE134-1317. Three-dimensional finite element models have been used to

study the behavior of specimens traditionally used in fracture

_ ) _ toughness testinf{l8,23,27,67,77,78,98,100-102,149-[153
6.2 Applying the virtual crack closure technique t0 three-point bending specimgi54] as well as the behavior
analysis with plate and shell elements of edge delaminationgl55—157. Skin-stiffener debonding
In a finite element model made of plate or shell type elevas analyzed in Refd66], [105. Damage in titanium-
ments the delamination is represented as a two-dimensiogedhite hybrid lamiantes was investigated in R&58] and
discontinuity by two surfaces with identical nodal point coreman et al studied the damage propagation in composite
ordinates. Flanagan developed a code based on sublamisatectural element$159]. Three-dimensional models were
analysis and demonstrated its application to simple fractuakso used to study the growth of near-surface delaminations
toughness specimens, the curved-beam test and edge delaméomposite laminates under fatigue loadif&,160,161
nation[138]. The problem of a composite stringer separatingelamination buckling has been investigated extensively us-
from the skin has been investigated using plate and shiely 3D models[69,79,130,162—-172 A comparison of 2D
models in Refs[74], [139], [140]. Fracture mechanics analy-and 3D analysis for skin/stringer debond failure was per-
ses performed by Glaessgenal focused on the debondingformed in Refs[173-174.
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The example chosen is taken from an investigation oking a contact processor that utilizes a contractor target con-
delamination buckling and growth as shown in Fig(&84 cept applying the penalty meth¢dl78]. Figure 34a) shows
[81,160,178. The specimens were made of T300/914C tapke specimen outline, details of the section modeled and the
material with a[*5/+45/+5/—45/0/+85/0/-45/+5/+45/ deformed FE model. The distributions of the mixed-mode
+5] layup. An embedded circular delamination of 10 mrenergy release rates along the frepfie, after 200 000 load
diameter at interface 2/3 was assumed to simulate an impeagtles as shown in Fig. 3®), are plotted in Fig. 35. The
damage near the surface as shown in FigbB4The speci- global maximum of the total energy release r&@g is now
mens were subjected to tension-compressiBr (1) fa- found perpendicular to the loading directios~<0.25 ands
tigue loading. Stress maxima in the range of 220-2460.75) with a second maximum occurring in the loading
N/mn? had shown to yield stable delamination growth. Durdirection. The values for interlaminar shear failure also reach
ing the experiment, the out-of-plarie, buckling deforma- their maximum perpendicular to the load directi@~0.22
tion was monitored by the Moirechnique. Using numerical and s~0.72) and a second maximum fe=0 ands=0.5.
post-processing procedures, the size and shape of the delarhis also holds for th&, distribution where again the maxi-
nated sublaminate were determined from this informatiomum is reached perpendicular to the loading direction; in
yielding the delamination contours, which were used as inploading direction, however, it decreases to zero. Details of
to the numerical model. Additional x-ray photograplas the entire investigation are discussed in R&f79).
shown in Fig. 34b)] were used to verify this method. Finite
element solutions were obtained usikngVvA finite element
software. Due to the extensive computation times seen for CONCLUDING REMARKS
3D models, a special layered element with eight nodes, farhe increased interest in using a fracture mechanics—based
mulated according to a continuum-based 3D shell theospproach to assess the damage tolerance of composite struc-
was used for the nonlinear simulatiofs77]. Interpenetra- tures in the design phase and during certification has re-
tion of the layers in the delaminated region was prevented hgwed the interest in the virtual crack closure technique. Ef-

program grate
start program

@ INCLUDE ‘aba_param.inc”
enable access to ABAQUS files

!

read(nunit, *)word,bl, ...
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!

@ call gstart(kunit, output)
- open file for output

!
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grate.out
contains echo input
and results

ABAQUS resutt file
binary format
specimen.fil
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forts are underway to incorporate these approaches in teed provide$orces at constraintas a standard output. This

Composites Material MIL-17 HandbopWhich has been the feature would render obsolete the step where element forces
motivation for the overview presented. at nodes have to be retrieved and summed to obtain forces at

; ; . _the crack tip. The same logic applies to a finite element
The_ approach used in the virtual crack closure techmqgwéodel made of plate/shell type elements or 3D solid ele-

; ) i . ) Hents, where the delamination of lengtlis represented as a
junction with two-dimensional elements, three-element sojp discontinuity by two surfaces.

ids as well as plate/shell elements were given and insightThe application of the virtual crack closure technique
into the application to engineering problems was provideBased on results from finite element analysis requires access
The paper, however, is not a comprehensive literature survgythe element forces at nodes, the nodal point displacements
but more a summary and review of issues relevant to thaq the nodal point coordinates. The flow chart, depicted in
successful application of the virtual crack closure techniqup-,g_ 37 as an example, shows an independent post-
Nevertheless, an effort was made to pay proper tribute to tﬂﬁ)cessing procedure where input data for the VCCT was
relevant contributions made during a quarter century singg acted directly from ameaQus® binary result file. The

the original publication. strategy to use VCCT, however, is the same if data are re-

trieved from a data file in ASCII format or if a user-written
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3) Create output file to store echo print of control param-
APPENDIX: IMPLEMENTATION OF THE VIRTUAL eters, input data, and retrieved data as well as intermedi-

CRACK CLOSURE TECHNIQUE ate and final results. , ,
c iv. the | il finite el ¢ codes d 4)t Read element forces, or forces at constraints, nodal point
urrently, the large commercial tinite element codes do no coordinates, and nodal displacements from binary result

offer the choice for calculating the mixed-mode energy re- file, or output file in ASCII format or data bank if data are

lease rat?S using the V'Tt”a' crack closure techni(@CT) stored externally. Alternatively retrieve required data
as described in the main text. Therefore, the energy release

rate component§,, G, , andG,, need to be computed by from specific common b_Iocks or arrays pf the finite ele-
user-written subroutines. These subroutines may either inter-MeNt software if a user |.nterface. IS prowded..
face directly with the finite element code during its exect®) Store the data retrieved in stéf) in external files, data-
tion, provided this option has been made available for this °aS€, Of internal common blocks and arrays for further
particular software, or operate as an entirely separate post-2cC€SS during the calculation. _ _
processing step. In both cases the strategy is similar dfidCalculate area virtually closed\A, using nodal point
attention has to be given to the modeling of the discontinuity coordinates.
as shown in Fig. 36 and the calculation of the mixed-mod@ Calculate local coordinate systerh, y’, andz’ at crack
energy release rate as outlined in the flowchart of Fig. 37. tip for geometrically nonlinear analysis and arbitrarily
As mentioned in Sec. 3.1, the crack of lengtin a two- shaped delamination front as discussed in Secs. 3.3, 3.5,
dimensional finite element model is represented as a one-and 3.6.

di.mensional discontinuity by a line of nodes as shown ig) a) Obtain the forces at the crack tip and in front of the
Figs. 5 and 36. Nodes at the top surface and the bottom  crack tip from the forces at element nodes by summing
surface have identical coordinates, however, are not con- iha forces at common nodes from elements belonging
nected with each other as shown in Fig(&6 The crack tip either to the upper or the lower surface. This step may

is represented by either a single nddgg. 36a)] or two - be skipped if forces at constraints are available directly
nodes with identical coordinates coupled through multipoint from the finite element software

gngtrsgtes[;'g'Cfae(ctz].g-rc?gsggd;]mdiﬂeedsts;ez?org (.)Sr ;rt]ﬁ .i?;;t b) Obtain relative displacements between the surfaces
1on w ' ucture 1s St | from the nodal point displacements.

IS queled using single nodgsig. 3ga)] or tv_vo nodes W'th. ¢) Transform forces and displacements to local crack tip
identical coordinates coupled through multipoint constraints .

[Fig. 36b)]. It is generally up to the user to decide how to coordinate system.
model the crack tip and the intact region. However, the u§ Calculate mixed-mode strain energy release rates using
of multipoint constraints may be preferred if a crack propa- the equations given for the individual element type and
gation analysis is to be performed. The use of multipoint correct for different element lengths and widths if neces-
constraints may also be preferable if the finite element code sary.
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10) Repeat steps6) through (9) for all nodes along the

delamination front and write results to output file. [25]
[26]
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