Warm-Up 1

1. Tim is on the first floor of a 10-story apartment building. Each story of the building
is the same height. The floors are numbered 1 through 10. A climb to the third
floor is what fraction of a climb to the seventh floor? Express your answer as a
common fraction.

2. % Each of four test scores in Connie's class is to be weighted equally. On the first
three tests Connie scored 79%, 87% and 98%. What percent must she score on
her fourth test to have an overall average of exactly 90%?

3. meters Triangle ABC is isosceles with AC = BC. Angle A measures
45 degrees. Segment CD is the perpendicular bisector of
segment AB. If segment AD measures three meters, how long
is segment AC? Express your answer in simplest radical form. A

4. ways An ice cube tray is in the form of a 2 by 8 rectangle, as shown. In how many
different ways can you remove half of the ice cubes in a full
tray such that none of the ice cubes remaining in the tray are
next to each other horizontally or vertically?

5 3% A bag of mixed peanuts and cashews contains two pounds of peanuts that cost $3
per pound and one pound of cashews that costs $6 per pound. How much should the
bag of mixed peanuts and cashews cost?

6. inches A map of Wyoming is drawn with a scale of % inch = 1 mile. On that map, how long
would the drawing of a road 10 miles long be? Express your answer as a decimal to
the nearest tenth.

7. ties A staircase is built by stacking rectangular railroad J
ties that measure one foot by one foot by three feet.
Continuing the pattern shown in the figure, how many ties —>
must be used to make a staircase ten feet high? | )
3 1
8. Pkgs Xanthia buys hot dogs that come in packages of six, and she buys hot dog buns that

come in packages of eight. What is the smallest number of hot dog packages she
can buy in order to be able to buy an equal number of hot dogs and hot dog buns?

9. bracelets Heather wants to make a bracelet with seven beads. Of the seven beads, one
bead is unique and the other six are three distinct pairs
of matching beads. If the bracelet's bead-pattern is
symmetric when the bracelet is not clasped, how many
distinct bracelets can she make? One is shown here.

Walnut M.S. Survey

60 -
£ 50 =
10. students According to this bar graph, how many students 3 20 | 37
surveyed at Walnut M.S. play two or more &
instruments? s 30 7 22
S 20 +
el
£ 10+ |_| 5
z -
1 2 3 4

Total Number of Instruments Played
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Warm-Up 2

When the following five numbers are written in order from least to greatest, what

is the product of the second and fourth values: -1.4, —, —, —, -2- ?

Julia runs around the track at a steady rate, finishing 400 meters in exactly two
minutes. At that rate, how many minutes will it take her to run 5000 meters?

Equilateral triangle ABC has side length 400 cm and a perimeter equal to 100 fimes
the perimeter of equilateral triangle DEF. How long is each side of triangle DEF?

How many two-digit primes have a ones digit of 1?

The arithmetic mean of a set of nine numbers is 5. When one more number is
added to the set, the new mean is 5.5. What number was added?

A Norman window consists of a rectangular region topped by a semi- A
circular region. What is the area of the glass needed to fill the two ,
regions of a Norman window whose rectangular region measures two 3

feet by three feet, as shown? Express your answer to the nearest
whole number.

21

There are 16 non-overlapping equilateral triangles (unit triangles)
in the figure shown. Each new number to be written in an empty
unit triangle is the product of the three closest numbers in the
row directly below it. What number will be written in the shaded
unit triangle at the top?

Grandma plans to take Mikayla to the zoo. There are three different trails through
the zoo. The Jungle Plains Trail passes giraffes, zebras, hippos and elephants. If
each trail is equally likely to be chosen, and Mikayla may choose only one trail, what
is the probability that she will choose the Jungle Plains Trail? Express your answer
as a common fraction.

A jar contains only nickels, dimes and quarters. There is at least one of each type
of coin in the jar. If the fotal value of the coins in the jar equals 60 cents, how
many quarters are in the jar?

Eric's Driving Pattern

_. 65
For what percent of the period from 6:00 a.m. 'g'l
through 9:30 a.m. was Eric driving at least 50 miles 3 °°
per hour? Express your answer o the nearest ]
whole number. & 45
»
£ 35
0

6:00 7:00 8:00 9:00
Time (a.m.)

MATHCOUNTS 2006-2007 19



1 $

2. feet
3. pebbles
4,

5. grams
6. Column

7. _____months
8. books
9. values
10. ways

Workout 1

Samantha deposited $100 in a bank account that has earned 5% interest during
this year. Audrey deposited $50 more than Samantha deposited but earned
only 4% interest during this year. Now, Audrey has how much more money than
Samantha?

A car drives 60 miles per hour. One mile is 5280 feet. How many feet does the car
travel in 30 minutes?

Murtha has decided to start a pebble collection. She collects
one pebble the first day and two pebbles on the second day.
On each subsequent day she collects one more pebble than the
previous day. How many pebbles will she have collected at the
end of the twelfth day?

N

et @

FT-CRUY B
LD

What is the order of these values from least to greatest: 2\/3, 5, 3\/5 and /27 ?

In aroom, each 22 liters of air weighs 29 grams. Each liter is 1000 cubic
centimeters. How much does a cubic meter of air in that room weigh? Express
your answer to the nearest whole gram.

All the positive integers greater than 1 are arranged in five columns (A, B, C, D, E)
as shown. Continuing the pattern, in what column will the integer 800 be written?

A B c D E

Row 1 2 3 4 5
Row 2 9 8 7 6
Row 3 10 11 12 13
Row 4 17 16 15 14

Row 5 18 19 20 21

Nine fish are five months old. Twelve fish are seven months old. How many full
months from now will the average age of the 21 fish first surpass 20 months old?

3!
The math textbook for Ms. Green's class is one-inch thick and weighs =g —
six ounces. How many of these books can be placed on the shelf of a
three-foot-long bookshelf that can support up to ten pounds?

William will fill in the three blanks in the expression __ - (_ - __ ) using each of
the three numbers 2, 3 and 5 exactly once. How many distinct, simplified values are
possible?

A day can be evenly divided into 86,400 periods of 1 second; 43,200 periods of
2 seconds; or in many other ways. In total, how many ways are there to divide a day
into n periods of m seconds, where nand m are positive integers?
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Warm-Up 3

What is the value of l>< 0.32 +§>< 0.64 + g % 0.32? Express your answer as a

common fraction.

The coordinates of A and B on a number line are -7 and 2, respectively. What is
the length of segment AB?

Ms. Newill's students in 2002, 2003 and 2004 recorded their heights in inches. Of
the three years, what was the largest median height?

2002: 61,62, 64,65,65,70,71
2003: 61,62,63,66,67,67,67
2004: 62,63, 64,64,68,70,70

Molly flips a fair coin five times, and she is very surprised to flip a head each time.
What is the probability she will flip a tail on her next flip of the coin? Express your
answer as a common fraction.

What is the value of 2x+ 3x+ 4x+ bx+ 6xwhen x=13.1?
How many positive integers have a value between \/§ and /72 ?

Two rectangular boxes have the same volume. One of the boxes is a cube, and the
other box has measurements of 8' by 4' by 16". How long is an edge of the cube?

When 9¢ is divided by 33, what is the quotient expressed as a mixed humber?

The first figure in this pattern is a 2 by 2 square, with an area of 4 square units. In
the second figure, a congruent square is placed behind the first square such that
the midpoints of the left and bottom sides intersect at the midpoints of the top
and right sides, respectively, of the first square. In
each successive figure, a congruent square is placed
behind the preceding, intersecting in the same way.
What will be the area of the complete region of the
fifth figure in this pattern?

Figure 1 Figure 2 Figure 3

Home Improvements

For a survey, 850 homeowners gave one answer to the
question, "What would you most like to improve about Kitchen
your home?" The pie chart shows the percentage of the
homeowners with particular responses, expressed to the 9% Other
nearest whole number. To the nearest 10 people, how

many responded that they would improve their bedroom?

Bathroom

iving R
Bedroom Living Room
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Warm-Up 4

1. S1€™ A regular pentagon with side length 300 cm has the same perimeter as a particular
square. What is the area of the square? Express your answer to the nearest
thousand square centimeters.

2. If the digits 4,5, 7, 8 and 9 are placed in the boxes below such that there is one

digit in each box and each of the five digits is used, what is the smallest possible
result of the subtraction problem? |:| |:| |:|

- U

3. Ray will choose at random an integer Q, such that 34 < Q < 43. What is the
probability that Ray will choose a prime number? Express your answer as a common
fraction.

4. An octagon only has sides of length 1 unit and x units. In a similar octagon, the
corresponding sides have length x units and 9 units, respectively. What is the value
of x?

5. What is the value of 9342 + (-438) x 719 + (-9340) + (-438) x (-719)?

6. cents Marcy bought 120 apples for $24. When she got home, she discovered that & of

the apples were rotten. If she figures she spent the $24 on only the good apples,
how many cents did each good apple actually cost?

7. units Tn the coordinate plane, what is the distance between the point with coordinates
(3, 5) and the point with coordinates (-5, 20)?

8. PAirs How many pairs of parallel faces does a right octagonal prism have? “

9. % Eight toy camels and three toy pigs cost Gary $85. Twelve toy
camels cost Larry $96. Assuming everyone bought their toys at
the same store and there were no discounts, what is the cost of
two toy pigs?

10. inches A section is cut out of a circular piece of paper having radius four A

inches, as shown. Points A and B are then glued together to form a
right circular cone. What is the circumference of the base of the A

resulting cone? Express your answer in terms of m.
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Workout 2

Kira and Lexi play a game. For each player's turn, if the player has an even number
of markers, the player gives half of her markers to her opponent; if the player has
an odd number of markers, the player receives three markers from her opponent
(or the rest of her opponent’s markers if her opponent has fewer than 3). A player
loses the game when she runs out of markers. If Kira starts with 10 markers and
goes first, and Lexi starts with 6 markers, who wins the game, and with how many
markers?

In the figure to the right, the outer circle has diameter 8 inches. The
area of the shaded ring is equal to the area of the inner, non-shaded
circle. What is the radius of the inner circle? Express your answer as
a decimal to the nearest tenth.

A farmer sells 72 turkeys for $511.92. How much would a dozen turkeys cost at
the same price per turkey?

A block of cheese 5 inches by 2 inches by 3 inches is coated in a very thin layer of
wax. The cheese is cut into 240 cubes with half-inch edges. How many cubes will
not have any wax on them?

Median Home Values
In which year was there the $119,600
least percent increase in median $93,400$101.100
home value from the median 458,600 $65.300
home value ten years earlier? ~ $44.600 "

1950 1960 1970 1980 1990 2000

Jo adds up all the positive integers from 1 through 50. Kate does a similar thing
with the first 50 positive integers; however, she first rounds every integer to its
nearest multiple of 10 (rounding 5s up) and then adds the 50 values. What is the
positive difference between Jo's sum and Kate's sum?

A rectangular box has a volume of 480 cubic inches. The height of the box is
5 inches. The ratio of the length of the box to the width of the box is 3 to 2.
What is the measure of the width of the box?

An addition square is a 3 by 3 grid of 9 numbers such that, in each
row from left o right, and in each column from top to bottom, the
first number plus the second number equals the third number. When
this addition square is filled in completely, what is the largest possible 25
sum of all 9 numbers?

The sequence 2, 3,5, 6,7, 10, 11, ... contains all the positive integers from least
to greatest that are neither squares nor cubes. What is the 400™ term of the
sequence?

Johnny had a full bag of apple seeds. He found that if he repeatedly

. removed the apple seeds 2 at a time, 1 seed remained in the bag at the
. end. Similarly, if he repeatedly removed the seeds 3, 4, 5 or 6 at a time

from the full bag, 1 seed remained in the bag at the end. However, if he

removed the seeds 7 at a time from the full bag, no seeds remained at

the end. What is the least number of seeds he could have in the full bag?
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Warm-Up 5

1.+ ) What is the midpoint of the segment connecting (3, 4) and (3.8, 5.6) in the
Cartesian plane? Express the coordinates as decimals to the nearest tenth.

2. rungs  John is on the middle rung of a ladder. He climbs up three rungs, down five rungs,
up six rungs and then climbs the last eight rungs to the top. How many rungs are on
the ladder?

16

3. squnits What is the total surface area of this right prism with

triangular bases? 4 k
[ ]

4, : On a given day, the probability of rain is 60%. What are the odds against rain on
that day? Express your answer as a:b in simplest form.

5. What is the sum of the two values of x for which (x+ 3)? = 121?

6. % The price of a stereo is $200 on Monday. On Tuesday the price from Monday is
reduced by 10%. On Wednesday, Tuesday's price is increased by 10%. What is the
price of the stereo on Wednesday?

7. feet What is the length of the longest, straight, thin, rigid, solid, glass, green, striped
stick that can fit into a right rectangular prism measuring 3 feet by 4 feet by
12 feet?

8. What is the value of 0.375 + 0.4 expressed as a common fraction?

9. meters This graph shows the linear relationship between the time in y=15x
seconds, x, for Caroline's walk and the distance in meters, y, (20, 30)

Caroline is from her starting point. The graph passes through
the point (20, 30). According to the graph, how many meters
will Caroline walk in exactly one hour?

10. points The Green team and Red team each has 10 members. Each member had two turns
to earn points. A team member could earn zero through 40 points on each turn.
The double stem-and-leaf graph shows the scores for the team members, where
61315 represents 36 points for a Green team

member and 35 points for a Red team member. Green Red
How many more points than the Red team did the 6541015667
Green team earn? 76421(112234
55544212|{044455
9886(3|56889
00|4]|O0
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Warm-Up 6

1. arr - Diane wants to arrange her collection of 96 bottle caps into a rectangular grid
rather than keep them in the line of 96 bottle caps she has now. How many
distinct, rectangular-grid arrangements could she use instead of the 1 by 96 grid
of bottle caps she has now? One such arrangement is 3 by 32, which is considered
the same arrangement as 32 by 3.

2. choices  Mattie looks in her closet and finds 4 shirts, 2 pairs of pants, 1 skirt and 2 pairs of
shoes. If she must wear (a) one shirt, (b) one pair of pants or a skirt, and (c) one
pair of (matching!) shoes, how many possible choices are there for her complete
outfit today?

3. ¢m The side lengths of both triangles to the

right are given in centimeters. What is

the length of segment AB? 14 A

10
5
6 3 B

4, What is the positive difference between 1 of 3 and = of 2— ? Express your

answer as a common fraction. 6 3
5. Maya initially thought that 8 was a solution to 2x + 20 = 4x - 4, but when she

checked her work, she realized that her answer was incorrect. After substituting
8 for x, how much greater is the expression on the left side of the equals sign than
the expression on the right side?

6. hours Sallie walks at a rate of one yard per second. At this rate, how many hours will it
take her to walk one mile? Express your answer as a decimal to the nearest tenth.

7. inches A bottled water company has designed a new cup for its dispenser. The cup will be
a right circular cone with a three-inch radius. How tall will the cup need to be to
hold 93 cubic inches of water? Express your answer to the nearest whole number.

8. In the equation |x - 7| - 3 = -2, what is the product of all possible values of x?
9. paths  When going through this maze, Mikyong may  Start — | I_
not backtrack. Each time she hits the edge of :
the grid or runs into a dark blocker, she must
turn. If Mikyong comes to a dead-end (no
options to move), the game is over. How many L_
paths result in a dead-end? —>End

10. $q cm B ¢ In trapezoid ABCD, AB = CD = 2 cm, BC = 6 cm, segment
/ \ AD is parallel to segment BC, and mlJ BAD = 60°. What
A is the area of the trapezoid? Express your answer in

simplest radical form.
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Workout 3

1. The numbers 2, 3,5, 7 and 13 are placed on a number line. For any integer x, its
"remoteness” is the sum of the squares of its distance to each of the five numbers.
For example, the remoteness of 10 is 82 + 72 + 52 + 32 + 32 = 156. What integer has
the smallest remoteness?

2. cucm A cylindrical can contains three tennis balls. The diameter of each tennis
=] ballis 8 cm. If the tennis balls fit snugly against the interior of the can
and against the top and bottom of the can, how many cubic centimeters of

a empty space are in the can? Express your answer in terms of m.

'
AS

—

3. infegers A “perfect power” is a number that can be written as a positive integer raised to an
integer power greater than one. For example, 125 is a perfect power because it is
equal to B%. Thelist 2, 3,5, 6,7,10,11,12, 13, 14, 15, 17, ... contains every positive
integer less than 1000 that is not a perfect power. How many integers are in the
list?

4. miles Traveling at a constant rate, an astronaut takes 36 minutes to go
10,000 miles. At this rate, how far will she travel in the next 10 minutes?
Express your answer to the nearest whole number.

5. cm A square has an area of 1000 square centimeters. How long is its diagonal?
Express your answer as a decimal to the nearest tenth.

6. regions Three segments can divide a circular region into at most seven regions.
What is the maximum number of regions that a circular region can be
divided into by 100 segments?

7. % In 2000, the population of the U.S. was 281,421,906, and the population of Texas
was 20,851,820. In 2000, what percent of the U.S. population does the Texas
population account for? Express your answer to the nearest ftenth.

8. The product of integers 240 and k is a perfect cube. What is the smallest possible
positive value of k?

9. rev A fruck has tires each with a diameter of 3 feet, 6 inches. The tires are
exchanged for larger tires, each with a diameter of 4 feet, 9 inches. There are
5280 feet in 1 mile. How many fewer revolutions than the smaller tire does the
larger tire make in traveling 5000 miles? Express your answer to the nearest

thousand.
C
10. units In triangle ABC, mi) A = 60°, ml B =45° and AC = 10 units. What
is the length of segment AB? Express your answer in simplest 10
radical form. A B
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Warm-Up 7

1. What is the value of the expression (24)(42)+2%+4%+1 when expressed as a
mixed number?

2. boxes A smaller rectangular box has a length and width of 10 cm each and a height of
1cm. A larger box is twice the length, three fimes the width and 10 times the
height of the smaller box. What is the greatest number of the smaller boxes that
can fit inside one of the larger boxes?

3. vears  The students in a class tried to guess the age of their .
teacher and recorded the r'esulfgs in the sTe%n-and-leaf Teacher's Age
graph shown, where 3 | 8 represents 38 years. The 21556799
teacher’s actual age was 35 years. What is the positive 3012245558
difference between the teacher's actual age and the 4101125
median guess of the students in the class?

4. Erika, who is 14 years old, flips a coin whose sides are labeled 10 and 20, and then

she adds the number on the top of the flipped coin to the number she rolls on
a standard die. What is the probability that the sum equals her age in years?
Express your answer as a common fraction.

5. A number is called perfect if the sum of all of its divisors, except itself, is equal to
the original number. What is the sum of the two perfect numbers between 2 and
30?

6. inches - The same amount of steel used to create eight solid steel
@) balls, each with a radius of 1 inch, is used to create one
larger steel ball. What is the radius of the larger ball?

7. degrees  What is the measure of any exterior angle of a regular decagon?
. 1 .
8. For a positive number x, we know (x2)3 =eq What is the value of x? Express

your answer as a common fraction.

9. % What is the single discount that is equivalent to the two
successive discounts of 10% off followed by 20% off the
discounted price?

10. colors  What is the fewest number of colors that can be used to color the 19 hexagonal

pieces so that no two of the hexagonal pieces sharing a side are the
same color?
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Warm-Up 8

A light-year is 9.5 x 102 km. A star in the Andromeda Galaxy is estimated to be
2.0 x 10° light-years away. How many kilometers away is that star? Express your
answer in scientific notation.

One right triangle has sides of length 3 cm, 4 cm and 5 cm. Another right triangle
has two sides of length 3 cm and 4 cm, but it is not congruent to the first triangle.
What is the length of the third side of this triangle? Express your answer in
simplest radical form.

A carpenter draws a 1 -size scale drawing of the top view of a coffee table's
rectangular top. The scale drawing of the table's top has an area of 3 square
inches. What is the actual area of the table's top going to be?

In an algebra class, half of the students are boys. One-third of the students are
wearing glasses. Half the boys are wearing glasses. What fraction of the girls is
wearing glasses? Express your answer as a common fraction.

At a new job, Bob's starting monthly salary is $1000, and he gets a $20 raise each
succeeding month. In fotal, how much does Bob earn in his first year at this job?

Xinran walks 3 miles per hour (mph) uphill, 4 mph on a flat surface and
5 mph downhill. If he hikes one mile uphill, then one mile on the level
and then returns by the same route to his starting point, how many
minutes does he walk?

During a party, a total of 78 handshakes occurred. If each person shook hands
once with each of the other people, how many people were at the party?

A wooden cube measures 3 feet long on each edge. The cube is painted orange on
all exterior faces. The cube is then cut horizontally and vertically (parallel to the
faces) into 27 congruent one-foot cubes. How many of these one-foot cubes are
painted orange on exactly two faces?

iven the following two O
Squa‘riz:s,fwlllla‘r ESQT;e value of OO +O0O0=45 OOOgO"'OgO =97

three pentagons? Q

‘ Two cars head toward each other from opposite ends of a
L highway 444 km long. The speed of the first car is
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1. units

2.

3.

4, %
5. inches
6. factors
7. sq meters
8. counties
9.3

10.

Workout 4

What is the distance between (3, 4) and (3.8, 5.5) in the Cartesian plane? Express
your answer as a decimal to the nearest tenth.

=

What are the last two digits in the sum of the factorials of the first 100 positive
integers?

A used bookstore paid $10 for an old book. The store added x% to
the price, resulting in a new price of $12.50. When the store could
not sell the book, the store applied a discount of y%, resulting in a

price of $10 again. What is the value of x - y?

A picture measures 6 inches by 8 inches. If a copy machine increases each of
the two dimensions by 30%, by what percent is the area of the original picture
increased?

e —

This coffee tin is a right circular cylinder with a radius of three
inches, and it can hold exactly three pounds of coffee when it is full. \
Thirteen ounces of coffee fill a space of 60 cubic inches, and there ?

are 16 ounces in one pound. How tall is the coffee tin? Express your 2
answer as a decimal fo the nearest tenth. _

How many factors of 8000 are perfect squares?

A circle of radius one meter circumscribes a regular hexagon, as shown.
What is the area of the total shaded region? Express your answer as a
decimal to the nearest tenth.

Distribution of Counties by Population
(Percent of counties; Total number of counties is 3141) According to the graph,
28 1 22.2% of the counties
have a population of
20.4 0-9999 people. How
many counties have a
12.5 95 population of one-quarter
- million or more? Express

3.8 24 1.1 Youranswer to the
[ F——%—— nhearest whole number.

9 9 9 9 9 O] ) o
L ,%”‘99 9 990 9999 2 P b999g 999990 «® o
© d o© P P P O
AO! 'L@' «: \009 7,609 ‘)009 \‘000'

22.2

County Population Size

The electric company charges Elka 11 cents per kwh for the first 320 kwh,

13 cents per kwh for the next 100 kwh and 17 cents per kwh for anything over
that. By how much does Elka's electric bill go up if her usage increases from
350 kwh to 450 kwh?

The product of two positive integers x and y is equal to 3x + 4y. What is the
largest possible value of x?
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Warm-Up 9

1. primes  The number 24 can be made by multiplying together four prime numbers: 2, 2, 2
and 3. How many primes must be multiplied to make 2400?

2. ¢m  The sum of the lengths of all the edges of a particular cube is 24 cm. When the
cube is unfolded into a flat sheet (net) of six connected squares, each sharing at
least one side with another square, what is the perimeter of this resulting polygon?

3. inches  Four basketball players, whose heights in inches are 60, 62, 64 and
70, are standing on the court. Their tfeammate Natalie, who is
74 inches tall, walks out onto the court, and the mean height increases
by m inches while the median height increases by ninches. What is the
positive difference between mand n?

4, The positive difference between two consecutive perfect squares is 35. What is
the greater of the two squares?

5._% Carlos wishes to paint the five faces of the solid shown with
one coat of paint. The solid is a right prism with triangular
bases. A one-ounce container of paint costs $1.50 and
covers 30 square inches. This is the only size container he
can purchase. How much will it cost to purchase the total
number of containers of paint he needs?

one marble and no two friends receive the same number of marbles?

6. marbles () Lisa has 10 friends and 34 marbles. What is the minimum number of
@@@ additional marbles she needs so that she can give each friend at least

12 cm
7. 59™ The scale drawing shown represents a field in
the shape of an isosceles trapezoid. What is the 2 cm 6 cm
area of the actual field? Express your answer in
simplest radical form. 12 cm
Scale: 1 cm = 10 m
8. What is the ratio of the numerical value of the area, in square units, of an

equilateral triangle of side length 4 units to the numerical value of its perimeter, in
units? Express your answer as a common fraction in simplest radical form.

9. Sean adds up all the even integers from 2 to 500, inclusive. Julie adds up all the
integers from 1 to 250, inclusive. What is Sean's sum divided by Julie's sum?

10. Define 3 as a mathematical operation using a combination of only addition and
multiplication of the two input numbers. Given that 234 =24,436 = 60,
236=48and 6 82 = 16, what is the value of 6 3 4?
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Warm-Up 10

When -2(x+ -2(x + -2(x+ (-2)))) is written in the form ax + b, what is the
value of a+ b?

What is the value of x in the equation 2x +% x+2(1+x)=29?

Jennifer, Mike and Carol each have a bunch of quarters. Jennifer and Mike have
26 quarters together. Jennifer and Carol have 20 quarters together. Mike and
Carol have 22 quarters together. How many cents does Mike have?

What is the area of the largest triangle that can be inscribed in the
semicircle shown? One side of the triangle is the 10-unit diameter
of the semicircle.

10

1
What is the last digit of the decimal expansion of i ?

A quarter of one percent of 40 is one less than what number? Express your answer
as a decimal to the nearest tenth.

In the rectangle shown, the two angles marked x are both y
30 degrees. What is the measure of the angle marked y?

If the famous baseball player for the San Francisco Midgets, Larry
Ponds, has a % chance of earning a walk on each plate appearance, what
is the probability that he will earn a walk exactly once in his next two
plate appearances? Express your answer as a common fraction.

Sandra plans to use one-inch squares mounted on cardboard
to fill the space between an 8-inch by 10-inch photo and

a 10-inch by 14-inch frame. (She has already placed four of
these squares in the lower left corner.) What is the minimum
number of squares she will need for her project?

What is the following value when expressed as a common fraction:
1 1 1 1 1 1

Tttt e
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Workout 5

1. The sequence 1,000,000; 500,000; 250,000 and so on, is made by repeatedly
dividing by 2. What is the last integer in this sequence?

2. units A right triangle and an isosceles triangle have equal areas. The right triangle has
sides of length 3, 4 and 5 units. The isosceles triangle has sides of 3, xand x
units. What is the value of x? Express your answer as a decimal to the nearest
thousandth.

3. inches  Mrs. Zappone's students in 2002, 2003 and 2002: 61,62, 64, 65, 65,70,72
2004 recorded their heights in inches. Of 2003: 61, 62, 63, 66, 66, 66, 66
the three means, one per year, what was the 2004: 62, 63,64, 64,68,70,70
largest mean height? Express your answer
as a decimal to the nearest tenth.

4. cu feet A cylindrical pipe under a road is 150 feet long and has a diameter of 4 feet. The
pipe is consistently full of water, and the water flows through the pipe at a rate of
one foot per second. How much water enters the pipe in one day, measured to the
nearest 10,000 cubic feet?

D
5. units In quadrilateral ABCD, AD = AB, CD = CB, and AC = 10. Point E

is the intersection of diagonals AC and BD. The area of friangle E

ABD is 45% of the area of triangle BCD. What is the length of A ¢
segment AE? Express your answer as a decimal to the nearest |

tenth. B

of one black T-shirt was twice that of each white T-shirt. When

David received the order, it was found that the number of T-shirts

of each color had been interchanged. This increased the bill by 50%. What is
the ratio of the number of black T-shirts to the number of white T-shirts in the
original, correct order David placed? Express your answer as a common fraction.

6. David ordered 4 black T-shirts and some white T-shirts. The price i}

7. ways Each of the nine dots in this figure is to be colored A A A
red, white or blue. No two dots connected by a /\ /\ /\
segment (with no other dots between) may be the
same color. How many ways are there to color the dots of this figure?

8. points  Tn a basketball game, Marla scored twice as many points as Tim. Marla scored
exactly four-fifths as many points as Scott. If none of the three of them scored
less than 17 points, what is the fewest number of points Scott could have scored?

9. sums The prime numbers are added in order starting with 2: 2,2 + 3,2 + 3 + 5, and so on.
How many of the first 12 such sums are also prime?

10. combos  Aviva is picking out chocolates for Father's Day. The box holds 20 candies, and
she wants 8 dark chocolates, 7 milk chocolates and 5 white chocolates. However,
she wants each of the 20 candies to be different. The store carries 12 kinds of
dark chocolate candies, 10 kinds of milk chocolate candies and six kinds of white
chocolate candies. How many distinct combinations can she make for her 20-piece
box?
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10.

$q units

cm

lollipops

degrees

Warm-Up 11

Janelle generates a two-digit integer by rolling a six-sided die twice. The result
of her first roll is the tens digit, and the result of her second roll is the ones digit.
What is the probability that the resulting integer is divisible by 6? Express your
answer as a common fraction.

A stocK's price starts at $10 on Jan. 1, 2004. Each Jan. 1, its price is exactly 10%
more than it was the previous Jan. 1. What is its price on Jan. 1, 2007?

A quadrilateral has vertices at A(O, 0), B(2, 4), €(8, 5) and D(6, 1).
What is the area of quadrilateral ABCD?

The quotient of a particular circle’s area, in square cm, and its circumference, in
cm, is 10 cm. How long is the circle's radius?

c he value of 87" 13 E

fr(‘)c?zglig: the value o 877 —2(87)(13) 13 - Xpress your answer as a common

What is the 2007 digit to the right of the decimal point in the decimal expansion
of +?

Joann ate a total of 100 lollipops in five days. Each day after the
first day she ate six more than she had eaten on the previous day.
How many lollipops did she eat on the third day?

In convex pentagon ABCDE, angles A, B and C are congruent and angles D and E are
congruent. If the measure of angle A is 40 degrees less than the measure of
angle D, what is the measure of angle D?

March 2003

1 March 30, 2003, can be expressed numerically with eight total

2131415161718}  digits as 03/30/2003. However, only three distinct digits are
o ahahial] used to express the date in that manner. What was the next

23242524 272820] date after 03/30/2003 that used exactly three distinct digits
30)31 when expressed numerically in this way? Write the date in this

s <ome manner.

Assume for this problem that a collection of data can have more than one mode.
Originally 3 is the only mode for a particular collection of data. One of the 3s in
the collection is then changed o a 2. List in alphabetical order the letters of all of
the following choices that could be true after this change is made.

(A) The mode is still only 3 (B) The mode is now only 2
(€) The mode is now neither 2 nor 3 (D) Both 2 and 3 are now modes
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1. meters

2. units

3.

4. degrees
5. minutes
6. sq miles
7.

8. cu yards
9.

10. %

Warm-Up 12

A rectangle having area 120 square meters has sides of length x + 3 meters and
x + 10 meters. What is the length of a diagonal of the rectangle?

How far apart are the y-intercepts of the line with the equation y = 2x+ 3 and the
line that goes through the point (4, 2) and has a slope of -1?

When this net is folded into a cube, what letter is on the face
opposite the face labeled X?

A

R

In the figure to the right, ABC is an equilateral triangle. The
circles with centers B and C both pass through points A and D.
What is the measure of angle BAD?

4 «s| A paper-folding machine folds fliers at a rate of 15 per minute,
Hotes i o . ; - F .
Lory | Cancun| 52| With 90% of the fliers folded accurately. With this information,
“cr’| 2007 [ what is the fewest number of minutes Kenton should set as the
machine's run-time if he needs 3000 fliers folded accurately and

the fimer can be set only for a whole number of minutes?

The scale of a certain map is # inch = 16 miles. A square park is represented on
this map by a square with side length 3 inch. What is the actual area of this park?
Express your answer as a decimal to the nearest hundredth.

What is the value of 4% x 8202 Express your answer in the form a®, where aand b
are positive integers such that ais the least possible positive integer.

The driveway in front of my house is 20 feet wide and 100 feet
long. If asphalt is ordered in a whole number of cubic yards, how
many cubic yards of asphalt must be ordered to pave my driveway
with a layer of asphalt three inches thick?

What is the sum of the reciprocals of all of the positive integer factors of 18?
Express your answer as a common fraction.

In Euclidville, 80% of the families live west of the freeway and the other 20%
live east of the freeway. The mean annual income of the families living west of
the freeway is $45,000, and the mean annual income of the families living east of
the freeway is $40,000. What is the mean annual income for all the families in
Euclidville?
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Workout 6

1. degrees Tn a convex 20-sided polygon, the sum of the 10 larger angles is 160 degrees more
than the sum of the 10 smaller angles. What is the average measure of the
10 larger angles?

2. If [x] represents the greatest integer less than or equal to x, what is the positive
difference between [ /2007 ]and [3/2007 1?

3. units  The medians of a particular right triangle drawn from the vertices of the acute
angles are 5 units and /40 units. What is the length of the median drawn from
the right angle? Express your answer as a decimal to the nearest tenth.

4, infegers  How many positive three-digit integers are divisible by neither 2 nor 3?

5. ways  How many distinguishable ways are there to write 9 as the sum of 1s, 2s and 4s,
where the order of the addends matters? For example,4+4+1and4 +1+ 4 are
two different ways.

6. % Suzette and Michael plan to refinish all five . 25 ‘
surfaces (four sides and the bottom) of their ) "\ 15
swimming pool as shown. The surfacing materials 10 _—\
cost $20 per square yard. When the total area - |4
needing resurfacing is rounded up to the nearest -
square yard, how much will the surfacing materials
for this project cost?

7. The equation MATH - COU = NTS can be made true if each of the letters M, A, T,
H,C,0,U,Nand S is replaced by a different digit and the letter groups are read
as 4-digit and 3-digit integers. Both Ts have the same value. If C = 3, what is the
value of the letter O?

8. If a positive three-digit integer that is a multiple of 11 is chosen at random, what
is the probability that the sum of its digits is an odd number? Express your answer
as a common fraction.

Eight Largest Ancestries of U.S. Population: 2000

9. people  What was the (% of total U.S. population in parentheses. Populations shown in millions.)
population of the German (15.2%) | ] 42.8
U.S. at the time _ .
this information was Irish (10.8%) | ] 305
compiled? Express  african American (8.8%) | ] 24.9
your answer to the ] .
nearest ten million. English (8.77%) | | 245

American (7.2%) 1 20.2
Mexican (6.5%) 1184
Ttalian (5.6%) [____115.6

Polish (3.2%) ] 9.0

10. What integer should be removed from the list of odd integers from 17 through 99,
inclusive, such that the average of the remaining odd integers is 59?
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Warm-Up 13

. 1
1. digits When 515 is written as a decimal, how many digits are to the right of the decimal
point?
2. meters A geometric sequence of positive integers is formed for which the first term is 2

and the fifth ferm is 162. What is the sixth tferm of the sequence?

3. cucm The edge lengths of a right rectangular prism are in the ratio of 2:4:5. The total
surface area of the solid is 1900 square cm. What is the volume of the solid?

4, What three-digit integer is equal fo the sum of the factorials of its digits?

5. A palindrome is a number like 252, which reads the same forward and backward. If

the digits 1,1, 1, 2 and 2 are randomly ordered to form a five-digit integer, what
is the probability the resulting integer is a palindrome? Express your answer as a
common fraction.

6. * /’\ Jane averaged her five equally weighted test grades and got 60%.
This was wrong because she had entered one grade incorrectly. That
incorrect score should have been entered as 80%. If she had used
N the 80%, her correct average for the five tests would have been 70%.

What percent did she incorrectly enter instead of 80%?

o

7. Twrirs The land of Jabral has two coins, the Jabr and the Al.
Kirsten buys a typewriter with two Jabrs and gets an Al
in change. Meanwhile, with one Jabr and two Als, her
friend Sophia buys two of the same typewriters Kirsten
purchased. How many of these typewriters could be
purchased with ten Jabrs?

8. feet The floor of a large warehouse is rectangular in shape and its length is twice as long
as its width. The area of the floor of the warehouse is 39,200 square feet. What
is the length of the floor of the warehouse?

9. squnits Three of the four vertices of a rectangle are (5, 11), (16, 11) and (16, -2). What is
the area of the intersection of this rectangular region and the region inside the
graph of the equation (x - 5)? + (y + 2)* = 9?2 Express your answer as a common
fraction in terms of m.

10. days Al can do a particular job in 9 days. Betty can do 20% more work each day than Al.
How many days does it take Betty to do the same job? Express your answer as a
decimal to the nearest tenth.
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Warm-Up 14

1. crates A delivery truck made three stops after leaving the warehouse. At the first stop,

the driver unloaded % of his crates. At the second stop, he unloaded £ of the
crates remaining on his truck. At the last stop, he unloaded 80%
of the rest of his crates at that point, and then he returned to
the warehouse with 20 crates. How many crates did he unload at
®e the first stop?

2. A set of nine cards is labeled with the following values:
1.25, §, 125%, 0.75, £, 14, &, 50%, 0.50. All the cards are then placed into
three bags, with cards placed in the same bag only if they show an equivalent value.
One card is randomly selected from each bag. What is the probability that the
cards showing 1.25, 0.50 and 0.75 are selected? Express your answer as a common
fraction.

3. cucm A right square pyramid has a base with edges each measuring 3 cm and a height
twice the perimeter of its base. What is the volume of the pyramid?

4, What is the positive difference between the two solutions of |x + 5| = 20?

5. What is the ones digit of 7°° when written as an integer?

6. % While on her vacation in Cancun, Colleen can buy a )
sombrero and a pair of flip-flops for $32. She can buy é/’ &O% dg’—;

the pair of flip-flops and sunglasses for $42. She can buy
the sombrero and the sunglasses for $30. How much does the sombrero cost?

7. cubes - After being painted, a solid wooden cube whose edge is 4 cm is cut into 64 small
one-centimeter cubes. How many of these small cubes have exactly three painted
faces?

8. dates On a “prime date,” both the month and the date are prime numbers. For example,

Feb. 3 or 2/3 is a prime date. How many prime dates occur in 2007?

9. pounds Twelve bears eat five pounds of honey in one day. At the same rate, how many
pounds of honey will 20 bears eat in three days?

times 30 minutes after the hour and six times 45 minutes after the
hour. The clock also chimes eight times on each hour in addition to
chiming the number of times equal to the hour. (So at 2:00 p.m., the
clock chimes 8 + 2 = 10 times.) Starting at 12:05 a.m., how many fimes
does the clock chime in a 24-hour period?

(a——ig)
10. fimes My clock chimes two times 15 minutes after the hour, four é‘ll;
—
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10.

rosters

integers

values

ways

quarts

Workout 7

For each of the following sets of numbers, a range can be computed. What is the
maximum range?

The set of all perfect squares between 1000 and 1100.

The set of all odd positive integers less than 100.

The set of all primes between 1,000,000 and 1,000,100.

A roster is posted showing how 10 dancers in a class have been paired into five
groups of two. Though changing the order that the pairings are written on the
roster does not constitute a different roster, a roster is considered different if
at least one dancer has a different partner. How many rosters are possible?

The top five rows of Pascal's Triangle are shown, and there 1 1 1
are four even integers. How many even integers are in the
top 10 rows of the triangle? 1 1 3 2 3 1 1

1 4 6 4 1

With the three digits of the integer 142, there are six two-digit positive integers
that can be formed. When the sum of those two-digit integers is divided by the
sum of the three digits of the original three-digit integer, the result is 22. When
the same thing is done with the k digits of a k-digit integer, and each of the k
digits is different and non-zero, the result of dividing the sum of all of the possible
two-digit integers by the sum of the k digits of the original k-digit integer is 66.
What is the value of k?

All of the digits of a particular positive integer T are 1s and Os. What is the
smallest positive integer value of the quotient T divided by 14?

The subtraction problem shown can be made true if each of the MATH
letters M, A, T,H, C, 0, U, Nand S is replaced by a different digit — C OU
and the letter groups are read as four-digit and three-digit integers. S
If C = 3, how many possible values are there for U?

In how many ways can the digits 1 through 9 be arranged into three 3-digit positive
integers using each digit once such that the three integers add up to 1000?

T have two one-quart bottles; the first is filled with water, the second bottle is
empty. I pour half of the contents of the first bottle into the second, &
then one-third of the contents of the second bottle into the first, then ‘
one-quarter of the contents of the first bottle into the second, and ‘(@) @]
then one-fifth of the contents of the second into the first, and so on.

How much water is in the first bottle after the 2007 pour? Express . '
your answer as a common fraction.

An account pays r% interest compounded annually. An initial amount of $100 is
deposited, and two years later there is $110 in the account. What is the value of
r? Express your answer as a decimal to the nearest hundredth.

There are six distinct ordered pairs of nonzero digits (b, x) such that the sum of
the digits of the number b~ is equal to the sum b+ x. What is the sum of all of the
b~ possibilities?

MATHCOUNTS 2006-2007 57



Warm-Up 15

1. The square of the square root of the square of a positive integer is equal fo the
square of the square of the square of 3. What is the integer?

2. ( ' ) When the point (4, 1) is rotated 90 degrees counterclockwise about the point (1, 0),
what are the coordinates of the point at which it lands?

3. What is the remainder when 1,234,567,890 is divided by 99?

4, degrees Tn regular pentagon FGHLJ, extending the sides of the A F/ \G
pentagon, as shown, forms a star. What is the measure of angle
A in the figure? J H

5. inches The second hand of a clock is 4 inches long. To the nearest inch,

how far does the tip of the second hand travel in 45 seconds?

6. fype Model rocket motors are rated according to their total impulse, where impulse
equals force (Newtons) multiplied by time (seconds). A type 1 motor has impulse
up to 2.5 Newton-seconds, a type 2 motor has impulse from 2.5 up to
5 Newton-seconds, and so on, with each motor type having a maximum
impulse of twice the previous type. The Space Shuttle Solid Rocket
Booster has a force of 12 million Newtons for 120 seconds. To what
type model rocket motor would this correspond?

7. cuinches  Amy and Belinda each roll a sheet of 6-inch by 8-inch paper to form a cylindrical
tube. Amy tapes the two 8-inch sides together without overlap. Belinda tapes the
two 6-inch sides together without overlap. What is m times the positive difference
of the volumes of the two tubes?

8. The value 28 - 1 is divisible by 3 prime numbers. What is the sum of the three
prime numbers?

9. Two different prime numbers are selected from the first eight prime numbers.
What is the probability that the sum of the two chosen prime numbers is greater
than or equal to 16? Express your answer as a common fraction.

10.( ‘ ) What is the intersection point of the line y = 2x+ 5 and the line perpendicular to it
that passes through the point (5, 5)?
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Warm-Up 16

1. For the arithmetic sequence 1000, 987, 974, 961, ..., what is the least positive
integer in the sequence?

B
2. degrees Tn the seven-sided polygon shown, what is the result when the sum ¢
of the outer angles CDE and AGF is subtracted from the sum of ‘rhe
interior angles A, B, C, E and F of the polygon? £
F
3. values  The operation X is defined as ax b = a? + b. For how many integer values of x will
the value of 10 X x be a positive integer?
4. sq units  The region between the graph of y = f(x) and the x-axis, shaded
in this figure, has an area of 10 square units. What will be the
area between the graph of y = 37(x-2) and the x-axis?
v
I y=1fx)
5. Triangle ABC is a right triangle, and segment BD is an altitude of the triangle.
b c Segments AD and AC measure 6 and 15 units, respectively.
A What is the ratio of the area of triangle ABD to the area of
triangle CBD? Express your answer as a common fraction.
B
6. The sum of all the positive factors of integer x is 24. If one of the factors is 3,

what is the value of x?

Each circle is tangent to three sides of the rectangle. What is
the area of the shaded region? Express your answer in terms

7. Squnits  The two externally tangent circles each have a radius of 1 unit. / X \

of m.
8. In this pattern, a new segment with endpoint A is A A A
added to the subsequent figure to create the next
figure. If L is the number of line segments and P is
the number of points for a particular figure, what is
the value of L + P in Figure 10? Figurel  Figure2  Figure 3
9. The digits 2, 3,5, 7 and 8 are put in an order to make a positive five-digit integer

that is divisible by 11. What is the greatest possible integer?

10. What is the product of the two smallest prime factors of 21924 — 12

Problem #10 is from the Sprint Round of the 2006 National Competition.
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Workout 8

A ball is made of a thick rubber shell and has an empty interior. The density of the
rubber shell alone is 1.4 g/cm3, and the density of air is estimated to be zero. The
radius of the “sphere of air” inside ball is 2 the radius of the entire ball. What is
the average density of the entire ball (shell and air together) in g/cm3? Express
your answer as a decimal to the nearest hundredth.

A swimming pool can be filled by any of three hoses A, B

or C. Hoses A and B together take 4 hours to fill the pool.
Hoses A and C together take 5 hours to fill the pool. Hoses
B and C together take 6 hours to fill the pool. How long
does it take hoses A, B and C working together to fill the
pool? Express your answer as a decimal to the nearest hundredth.

In Mathcountia, the only currency is the 7-zorkmid and 11-zorkmid coins. Some
prices, like 42, 43 or 44 zorkmids, can be paid with exact change, while others, like
5 or 20 zorkmids, cannot. How many prices cannot be paid with exact change?

In this table, the first row consists of eight 1 1 1 1 1 1 1
1s. After that, each row discards the first 1 2 3
half of the previous row, and then each
entry is determined from left to right by
calculating the sum of the number above the entry and the number to the left of
the entry. This process continues until in the last row there is only one number. If
the first row instead had started with 32 1s, what would be the one number in the
last row of the table?

w
NN D=

In the game of primes, players roll a fair cube whose faces are labeled 2, 3,5, 7,
11 and 13. What is the smallest integer sum greater than 2 that cannot be made by
rolling the die once, twice or three times?

A convex quadrilateral ABCD has AB = 39, BC = 52, CD = 25 and DA = 60. What is
the maximum possible area of this quadrilateral?

Eight students, including Katie and Stephen, are to sit around a 000
rectangular table with eight place settings, as shown. If each @) O
student is assigned to a seat at random, what is the probability Q00O

that Katie and Stephen will be seated at the same side of the table
as each other? Express your answer as a common fraction.

The increasing sequence 12, 15, 18, 21, 51, 81, ... consists of all the positive
multiples of 3 that contain at least one digit that is a 1. What is the 50™ term of
the sequence?

How many sets {a, b, c} of three different, positive single-digit integers have the
property that a? + b2 + ¢? is a perfect square?

What is the units digit of the sum of the squares of the first 2007 odd, positive
integers?

Problem #8 is from the Target Round of the 2006 National Competition.
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Warm-Up 17

Two lines have the same non-zero y-intercept. The first line has a slope of 10 and
an x-intercept of (s, 0). The second line has a slope of 6 and an x-intercept of
(t,0). What is the ratio of sto t? Express your answer as a common fraction.

What is the integer value of the cube root of 8°?

In the sequence 1, 6, 15, 28, 45 and so on, the n™ term of the sequence is given by
a quadratic polynomial, an? + bn. What is the ordered pair (a, b)?

B G B G B G B

Four boys (Bs) and three girls (6s) will ) (TT) (9 (7 g (0
be seated in a row. When a boy is next o = 'l
to a girl, we will call this a "meeting Vet w bedi w b w

point.” When the seven kids are seated,
there may be only one meeting point, as in BBBBGGG, or there may be as many as
six meeting points, as in BGBGBGB shown here. Given all of the possible seating
arrangements for these seven kids, what is the average number of meeting points
per seating arrangement? Express your answer as a common fraction.

The lengths of the two legs of a right triangle are 2 and 3 units. What is the
length of the altitude to the hypotenuse? Express your answer as a common
fraction in simplest radical form.

Polygon ABCDE is a regular pentagon. What is the measure of angle BED?

What is the sum of the total values of every possible combination of three coins
using only pennies, nickels, dimes and quarters?

Photons of red light have a wavelength of approximately 7x107 meters. The energy
of a photon is inversely proportional to its wavelength. A photon with 2000 times
the energy as a photon of red light will have what wavelength? Express your
answer in scientific notation.

From the 25 numbers shown here, Meera will choose

exactly five numbers in such a way that one number in
each row and in each column has been selected. Whatis 15 10 18 14 12
the largest possible sum of four of the five numbersshe 6 1 9 5 3
can choose? 7 2 10 6 4

Rectangle ABCD and parallelogram FEHG are shown. The 4 E B
area of isosceles triangle EAF is 8 sq inches, BH = 6 in,
CD = 20 in, and segment EK is perpendicular to segment
FG. The distance from E to K is equal to 88 inches divided K
by some number. What is that number in simplest radical p C
form? G

-n
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Warm-Up 18

An art class is 45% girls. Of the girls, 20% prefer painting to drawing, and of the
boys, 40% prefer painting to drawing. What percent of the class prefers painting
to drawing?

([
In this square array of 16 dots, four dots are to be chosen at random. PP
What is the probability that the four dots will be collinear? Express
your answer as a common fraction. LA

A 4 x 4 x 4 inch cube originally built from 1 x 1 x 1 inch cubes is cut into exactly
29 cubes with integer edge lengths and no material left over. How many of the
29 cubes are 2 x 2 x 2 inch cubes?

How many integers between 1000 and 9999 have exactly one pair of equal digits,
such as 4049 or 9902, but not 4449 or 4040?

Two 12-hour clocks each start at exactly

6 o'clock. One clock loses one minute every hour,
and the other clock gains one minute every hour.
In how many days will the clocks show the same
time as each other again?

A right pyramid has a square base with side length 10 cm. Its peak is 12 cm above
the center of its base. What is the total surface area of the pyramid?

The parallel sides of an isosceles trapezoid have lengths of 19 units and 29 units,
and the perimeter is 74 units. What is the area of the trapezoid?

Alex can run 26 miles in 6 hours, Bethany can run 26 miles in 5 hours and Carol

can run 26 miles in 4 hours. If they start together and each run at their constant
speeds, how long does it take for them to finish a total of 26 miles among the three
of them? Express your answer as a common fraction.

What is the sum of the smallest two positive real numbers whose digits are all 1s
when written in decimal form and whose product and sum are the same? Express
your answer as a decimal to the nearest tenth.

In the given figure, line CD is parallel to line AB, ¢ D >
AC = 3 inches, AD = DB and angle ACB is a right angle.

The area of triangle ACB is 6 square inches. If ABis

x inches and triangle ADB has an area of y square

inches, what is the value of x+ y? A B~

Problem #7 is from the Tiebreaker Round of the 2006 State Competition.
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Workout 9

The value b" has both b and nas positive integers less than or equal to 15. What is
the greatest number of positive factors b” can have?

An 8 by 8 checkerboard is covered by the greatest possible
number of pieces shaped like the piece shown, such that
each piece covers exactly five of the unit squares on the |
board, and no pieces overlap each other or extend beyond
any sides of the checkerboard. What percent of the board
is not covered by the pieces? Express your answer to the
nearest tenth.

piece

What is the largest possible product of a set of positive integers whose sum is 20?

The three vertices of triangle PQR are P(0, 5), Q(O0, 0) and R(10, 0). Point S is
on segment PR such that segment QS bisects angle RQP. What is the length of
segment QS? Express your answer as a common fraction in simplest radical form.

Four people sit around a circular table, and each person will roll a standard six-
sided die. What is the probability that no two people sitting next to each other
will roll the same number after they each roll the die once? Express your answer
as a common fraction.

The consecutive sides of a parallelogram are 13 inches and 6 inches. If both
diagonals have integral lengths, what is the length of the longest diagonal?

The measures of angles A and B are both positive, integer numbers of degrees.
The measure of angle A is a multiple of the measure of angle B, and angles A and B
are complementary angles. How many measures are possible for angle A?

A right cone has a base with a circumference of 16m inches and a height of

30 inches. The height of this cone is reduced while the circumference stays the
same. The volume of the shorter cone is 192w cubic inches. What is the ratio
of the shorter height o the original height? Express your answer as a common
fraction.

A rectangle is called "cool” if the number of square units in its area is equal

to twice the number of units in its perimeter. A cool rectangle also must have
integer side lengths. What is the sum of all the different possible areas of cool
rectangles?

Each letter of the alphabet is assigned a value (A=1, B=2, C=3, ..., Z=26). The
product of a four-letter list is the product of the values of its four letters. The
product of the list ADGI is (1)(4)(7)(9) = 252. What is the only other four-letter
list with a product equal to the product of the list PQRS? Write the letters of the
four-digit list in alphabetical order.

Problems #3 and #7 are from the Team and Sprint Rounds of the 2006 National Competition.
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