AP CalculusAB Ch 7: Area And Volume Worksheet
7.1 AREA: set up theintegral to find the area bounded by the following cur ves.
1. Withrespecttox: y=-x*, y=x*-8

Step 1: Put the two equationsin y = f(x) form:

T 1 T
B \ BN / ; These two equations are already in this form, so we are good to go.
/o \
\/ \ /
. X Step 2: Find the x-values of the points of intersection:
/ \\ // \\ Subtract the function on the bottom from the function on the top:
NS
/ \ —x?—-x%?-8)=0

—2x%+8=0 note: this is the difference of the curves
x2—4=(x+2)(x-2)=0
x =1{-2,2}

Step 3: Integrate the difference of the curves:
Use a definite integral with limits equal to the points of intersection found in Step 2:

2
f (—2x% + 8) dx

-2

A couple of notes about this process (using the Absolute Value Trick)

» Inthis problem, we are able to see what the curves look like. If we cannot see them, and we
are not sure which curve is on top, we can subtract them in any order and take the absolute
value of the result. For example, in this problem, if we subtracted the first curve from the
second, we could calculate the area as:

f (2x? — 8) dx

f [ = 8) — (=) dx

-2

This will give us the same solution as the one we obtained above because:

2
= j (—2x2% +8) dx
-2

2
f (2x% —8) dx
-2

» If there are multiple regions between the two curves, you can use the Absolute Value Trick on
each individual region and add up all of the resulting positive areas to obtain the total area for
the regions.

» Remember that when we are measuring the areas of regions between two curves, all areas are
positive. That’s why the Absolute Value Trick works.
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AP Calculus AB Ch 7: Area And Volume Wor ksheet

2. Withrespecttoy: y?>=4—x, x+2y-1=0

Step 1: Put the two equationsin x = f(y) form:

—

™~ Since we are instructed to perform the integration in terms of y,
we want to put each equation in the form x = f(y) to prepare
for Step 2:

> y2=4—x xX+2y—1=0

x=4—1y?2 x=-2y+1

Step 2: Find the y-values of the points of intersection:

Subtract the function on the left from the function on the right:
4—y2—(-2y+1)=0
—y2+2y+3=0 note: thisis the difference of the curves
y2-2y-3=@+Dr—-3)=0
y=1{-13}

Step 3: Integrate the difference of the curves:

Use a definite integral with limits equal to the points of intersection found in Step 2:

3
f (-y*+2y+3)dy
-1

A thought about functions of the form x = f(y) (using the Old Switcheroo Trick)

Some students have trouble thinking about functions of the form x = f(y) because most of our
work is done with forms y = f(x). The student should get used to working with either form.
However, in a pinch, you can use the Old Switcheroo Trick. Put simply, it does not matter what the
variables are; so you can switch them whenever you like.

For example, in this problem, you could switch the x and y variables and get the same solution,
although it would look a little different in integral form. If we switch the variables in the initial
equations, we would obtain the following revised initial equations:

x2=4-—y y+2x—1=0

Following all of the above work, we would arrive at a final solution looking like this:
3
j (—x%+2x +3)dx
-1

At this point, we could either switch the variables back to what they were in the original problem,
or develop the numerical solution. Note that the variable in the integral is irrelevant:

3 3
j(—y2+2y+3)dy = f (—x% + 2x + 3) dx
-1 -1
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3. y+x°=0, y=+/x, 3y+7x-10=0

\l\\\ Step 1: Put the three equationsin y = f(x) form:
\\ . We can use eithgr the form y = f(x) orthe form x = f(y) in this
VX problem. We will use the form y = f(x) to prepare for Step 2:
\\ ? — y+x3=0 y =+/x 3y+7x—10=0
NN y = —x* y=vx y=(—2x+2)

Step 2: Find the y-values of the points of intersection:

Left point of intersection. Subtract the function on the bottom from the function on the top:
1

D= (=x) =0

7
(=3x+3

10 . .
x3 — gx + 5= 0 note: this is the difference of the curves

A look at the graph suggests that the intersection occurs at x = —2. Substituting x = —2
into the equation above confirms this. Alternatively, use a calculator to determine that the

intersection occurs at x = —2.

Center point of intersection. Note that the “bottom” curve in the graph changes at the center
point of intersection. Therefore, we must will break our solution into two integrals, one to the
left of the center point of intersection, and one to its right. To find the point of intersection,
equate the red and blue curves to find the point of intersection:

—x% =+x
A look at the graph suggests that the intersection occurs at x = 0. Substituting x = 0 into
the equation above confirms this.

Right point of intersection. Subtract the function on the bottom from the function on the top:
(—Zx+2)—Vx =0
(— gx + %) —+/x =0 note: this is the difference of the curves

A look at the graph suggests that the intersection occurs at x = 1. Substituting x = 1 into
the equation above confirms this. Alternatively, use a calculator to determine that the
intersection occurs at x = 1.

Step 3: Integrate the difference of the curves:

In this problem, we need two definite integrals, one on each side of the point where the red
and blue curves intersect:

O/, 7 10
f (x ——x+—)dx+f
2 3 3 0

1

7 10
(~3x+g —E) ax
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4. y=x*+1, y=5

\\ // Step 1: Put the two equationsin y = f(x) form:
\ / These two equations are already in this form, so we are good to go.
\ . / Step 2: Find the x-values of the points of intersection:
Subtract the function on the bottom from the function on the top:

5-(x*+1)=0

—x24+4 =0 note: this is the difference of the curves
x2—4=(x+2)(x-2)=0

x =1{-2,2}

Step 3: Integrate the difference of the curves:

Use a definite integral with limits equal to the points of intersection found in Step 2:

2 2
f (-x*+4)dx or j (4 —x*)dx
-2 -2

5 X=y'+1, x=4

Step 1: Put the two equations in x = f(y) form:

] These two equations are already in this form, so we are good to go.

= Step 2: Find the y-values of the points of intersection:

Subtract the function on the left from the function on the right:
4—-(y2+1)=0
—y2+3 =0 note: this is the difference of the curves
y2=3=(-V3)(r+v3)=0
y ={-V3,v3}

Step 3: Integrate the difference of the curves:

Use a definite integral with limits equal to the points of intersection found in Step 2:

V3 V3
f (—y*+3)dy or f B-y»dy
V3 -3
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7.2VOLUME by DISC (circular crosssection) or WASHER. Set up theintegral (do not evaluate.)

6. y=x2, y=4 a) revolve abouty = 4 b) revolve abouty =5 \ T /
c) revolve about x =2 d) revolve about x = -3
The points of intersection are obviously (—2,4) and (2,4). The region is o

bounded on the bottom by the x-axis, and on the top by the line y = 4.

a) Revolve about y = 4.

We can use the disk method because there is no gap between the region we
are revolving and its reflection across the axis of revolution, y = 4.

Revolving about a horizontal line means our disks are vertical, as shown, and
we should integrate with respect to x.

The height of the disk is the distance between the curves, f(x) = 4 — x2.

We move the disk from left to right of the region, i.e., from x = —2 to
x=2.

The volume is determined from the formula: V =1« f:(f(x))2 dx. Therefore,

V=m[’4-x*)?dx

Note: For “volume by disk” problems, the curves given to us are
expressed in solid lines, while their reflections across the axes of
revolution are shown as dotted lines. The disks used to calculate the
volumes in the illustrations are either dark green or orange bars.

b) Revolve about y = 5.

We must use the washer method because there is a gap between the region we are revolving and
its reflection across the axis of revolution, y =5 .

The washer method is simply a double use of the disk method. We create a e
large disk and a small disk, and then subtract the two to obtain the “washer.”

Revolving about a horizontal line means our disks are vertical, as shown, and
we should integrate with respect to x.

The height of the larger disk is the distance between the axis of revolution, |
y =5 and the curve y = x?, so the heightis f(x) =5 — x2.

The height of the smaller disk is the distance between the axis of revolution, &
y =5 andthe curve y = 4, so the heightis g(x) =5—-4 = 1. T

We move the disks from left to right of the region, i.e., from x = —2 to
x = 2.

The volume is determined from the formula: V = nf: [(f(x))2 — (g(x))z] dx. Therefore,

2
Vznf [(5—x%)%—1]dx

-2
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c)

d)

Revolve about x = 2.
Convert the functions to the form x = f(y):
y = x? y=4
X = i\/; y =4 (no conversion possible)

We must use the washer method because there is a gap between the region we are revolving and
its reflection across the axis of revolution, x = 2.

Revolving about a vertical line means our disks are horizontal, as shown, and we should integrate
with respect to y.

The width of the larger disk is the distance between the axisof | Y | | k| i
revolution, x = 2 and the left side of the curve x = —\/—, o) \ i =._. i
the widthis f(y) =2 — (—/y) =2+ /y. T O

The width of the smaller disk is the distance between the axis of
revolution, x = 2 and the right side of the curve x = +,/y, so

the widthis g(y) =2 — ./y.

We move the disks from bottom to top of the region, i.e., from y =0 to y = 4.

The volume is determined from the formula: V =& fcd [(f(y))2 - (g(y))z] dy. Therefore,

V=1TJ:[(2+\/;)2_(2—\/§)2] dy = 8nj;)4\/;dy

Revolve about x = —3.

We must use the washer method because there is a gap between the region we are revolving and
its reflection across the axis of revolution, x = —3.

Revolving about a vertical line means our disks are horizontal, as shown, and we should integrate
with respect to y.

The width of the larger disk is the distance between the axis
of revolution, x = —3 and the right side of the curve r‘-ﬁ
x = +,/y, sothe widthis f(y) =3 + \/; -+

......

21

The width of the smaller disk is the distance between the
axis of revolution, x = —3 and the left side of the curve

x = —/y, sothewidthis g(y) =3 — /y.

We move the disks from bottom to top of the region, i.e., from y =0 to y = 4.

The volume is determined from the formula: V == fcd [(f(y))2 - (g(y))z] dy. Therefore,

V=1TJ:[(3+\/;)2_(3—\/§)2] dy = 121rjo4\/§dy
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7. y = 4X , y = X3
a) revolve abouty = 8
b) revolve about x = 4

The points of intersection are obviously (—2,—8), (0,0) and (2,8). The region is bounded on the
left and right by the lines x = +2, and on the bottom and top by the lines y = £8.

a) Revolve about y = 8.

We must use the washer method because there is a gap between the region we are revolving and
its reflection across the axis of revolution, y = 8. Additionally, because the curves flip-flop at
x = 0, we must apply the washer method once for x € [-2,0] and once for x € [0, 2].

Revolving about a horizontal line means our disks are vertical, as _
shown, and we should integrate with respect to x. Reom

The height of the larger disk is the distance between the axis of
revolution, y = 8 and the curve farthest away from that line.

» Forx € [—2,0], the heightis f(x) =8 — 4x.
> For x € [0,2], the heightis f(x) = 8 — x3.

The height of the smaller disk is the distance between the axis of
revolution, y = 8 and the curve closest to that line. i i

> Forx € [—2,0], the heightis f(x) = 8 — x5, % )
> Forx € [0, 2], the heightis f(x) = 8 — 4x.

We move the disks from left to right of the region, i.e., from x = —2 to x = 2.

The volume is determined from the formula: V == f; [(f(x))2 - (g(x))z] dx. We need
separate integrals for x € [—2,0] and for x € [0, 2]. Therefore,

0 2
V= nf [(8 —4x)? — (8 —x3)?]dx + nf [(8 —x%)? — (8 —4x)?] dx
-2 0
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b) Revolve about x = 4.
Convert the functions to the form x = f(y):
y = 4x y=ax3
_1 _3
x=1y x=1/y
We must use the washer method because there is a gap between the region we are revolving and

its reflection across the axis of revolution, x = 4. Additionally, because the curves flip-flop at
x = 0, we must apply the washer method once for y € [—8,0] and once for y € [0, 8].

Revolving about a vertical line means our disks are horizontal, as shown, and we should integrate
with respect to y.

The width of the larger disk is the distance
between the axis of revolution, x = 4 and the
curve farthest away from that line.

» Fory € [—8,0], the width is

f) =43y, |
> Fory € [0, 8], the width is o)
1
f(y) =4 - Zy

The width of the smaller disk is the distance between the axis of revolution, x = 4 and the curve
closest to that line.

> Fory € [—8,0], the heightis f(y) =4 — %y.
» Fory € [0, 8], the heightis f(y) =4 — 3;/;
We move the disks from bottom to top of the region, i.e., from y = -8 to y = 8.

The volume is determined from the formula: V =& fcd [(f(y))2 - (g(y))z] dy. We need
separate integrals for y € [—8,0] and once for y € [0, 8]. Therefore,

V=nf [(4—i/§)2—<4—%y)zl dy + nfOs[(zL—%y)z—(zL—i/})zl dy

0
-8
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8. y=4x*, 4x+y-8=0
a) revolve about the x-axis “T
b) revolve about the line y = 16 of

b
b
/H

Clean up the equations, as needed:
y = 4x? 4x+y—8=0
y = 4x? y=8-4x

The points of intersection are obviously (—2,16) and (1,4). The region is bounded on the bottom
by the x-axis, and on the top by the line y = 16.

a) Revolve about the x-axis, i.e., y = 0.

We must use the washer method because there is a gap between the region
we are revolving and its reflection across the axis of revolution, y = 0 .

Revolving about a horizontal line means our disks are vertical, as shown,
and we should integrate with respect to x.

The height of the larger disk is the distance between the axis of revolution,
y = 0 and the curve y = 8 — 4x, so the heightis f(x) = 8 — 4x.

The height of the smaller disk is the distance between the axis of revolution, 3 |
y = 0 and the curve y = 4x?, so the heightis g(x) = 4x2. BST !
We move the disks from left to right of the region, i.e., from x = —2 to *I;
x=1. st
The volume is determined from the formula: ._.-":_121

b 2 a5
V=m/[ [(f(x))2 —(9() ] dx. Therefore, R

1
V= nf [(8 — 4x)% — (4x%)?] dx
)
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b) Revolve about y = 16.

We must use the washer method because there is a gap between the region we are revolving and
its reflection across the axis of revolution, y = 16 .

32,

S

Revolving about a horizontal line means our disks are vertical, as shown, and
we should integrate with respect to x.

231 4
The height of the larger disk is the distance between the axis of revolution, ’ 2‘3;"'
y = 16 and the curve y = 4x?, so the heightis f(x) = 16 — 4x2. i

The height of the smaller disk is the distance between the axis of revolution,
y = 16 and the curve y = 8 — 4x, so the height is it T
g(x) =16 — (8 —4x) = 8 + 4x. ol

We move the disks from left to right of the region, i.e., from x = -2 to
x=1.

The volume is determined from the formula: ol

V= nf(f [(f(x))2 — (g(x))z] dx. Therefore,

1 i
V= n'f [(16 — 4x%)? — (8 + 4x)?] dx -
-2

7.2. VOLUME by CROSS-SECTIONS: Set up and evaluateto find the volume. Calculator okay.
9. y=4-x*, y=1+2sinx

Find the volume of the solid whose base is bounded by these curves and whose cross-sections
perpendicular to the x-axis are squares.

In the formula V = fabA(x) dx,

5— 5-
p A(x) is the formula for the area of
the cross section requested in the
e /NN duested|
roblem. It has two dimensions
Y ARVARN P : :
[/ / one in the “y-direction” and one

. coming up out of the page. The
‘ third dimension is achieved through
integration with respect to x.

The x-values at the endpoints of the region are x = {—2,1}

The difference between the curvesis: (4 —x2) — (1 + 2sinx) = 3 —x? — 2sinx

The formula for the area of a square is A = s, where s is the

length of a side of the square. Cross section:

Since the cross sections are squares, we set s = 3 — x% — 2 sinx,
apply the formula for the area of a square and integrate to get the
volume:

3 —x?—2sinx

3 —x?—2sinx

1 1
sz A(x)dxzf (3—x%—2sinx)?dx ~ 23.940
-2 -2
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For #10-11: y=2+vsinx [0,7] Findthevolumeif... Calculator okay.

10) The cross-sections perpendicular to the x-axis are equilateral triangles with
the base of the triangle stretching from the curve to the x-axis. -

\

The x-values at the endpoints of the region are x = {0, i}

1

The only curve shown is y = 2v/sinx. The other curve is the x-axis, y = 0. So, the difference of the

curvesis y = 2vVsinx.

The formula for the area of an equilateral triangle is Cross section: V3sinx

A= gbz, where b is the length of the base of the triangle.

Since the cross sections are equilateral triangles, we set

b = 2+/sin x, apply the formula for the area of an 2vsinx
equilateral triangle and integrate to get the volume:

2vVsin x

V= J:A(x) dx = J:T?(Z\/sinx)z dx
|T[

T
V=\/§f sinx dx = —V3 cosx 0
0

V =2V3 ~ 3.464

11) The cross-sections perpendicular to the x-axis are squares perpendicular to the x-axis.

The x-values at the endpoints of the region are x = {0, 1t}.

As in Problem 10 above, the difference of the curvesis: y = 2+v/sin x.

The formula for the area of a square is A = s?, where s is

the length of a side of the square. Cross section:

Since the cross sections are squares, we set s = 2+/sin x,
apply the formula for the area of a square and integrate to 2SN %
get the volume:

V:LA(x)dxzfo (2Vsinx) dx Wy

T T
V=4f sinx dx = —4 cosx|
0 0

V=28
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12) R is aregion bound by the x-axis and the graphs of y
=Inxandy=5-X, as shown in the figure. Region R is
the base of a solid. For the solid, each cross-section
perpendicular to the x-axis is a square. Write, but do not
evaluate, and integral expression that gives the volume
of the solid.

0 i
Since the cross sections are described as
perpendicular to the x-axis, this solution is developed with respect to x.

First, find the points of intersection of the three curves (including the x-axis).

» Left point of intersection: Setequal y =Inx and y = 0 (the x-axis).
Inx = 0 has the solution x = 1.

» Center point of intersection: Setequal y =Inx and y =5 —x.

Inx = 5 — x. This must be solved with a calculator. We get the solution x = 3.693.
» Right point of intersection: Setequal y =5 —x and y = 0 (the x-axis).
5 —x = 0 has the solution x = 5.

So, we need two integrals, one for x € [1,3.693] and one for x € [3.693,5].
The formula for the area of a square is A = s%, where s is the length of a side of the square.

Since the cross sections are squares:

» For x € [1,3.693], weset s =Inx. Then, we apply Cross section:
the formula for the area of a square and integrate to
get the volume.

V=" Aa0)dx = [*"(Inx)? dx

Inx

Inx
» For x € [3.693,5], weset s =5 —x. Then, we apply Cross section:
the formula for the area of a square and integrate to
get the volume.
. . 5—x
V:f A(x)dxzf (5 —x)? dx
3.693 3.693 5—x

The total volume is the sum of the volumes from the two separate integrations.

3.693 5
V= f (Inx)? dx + f (5 —x)? dx
1 3.693
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13) Region R is bound by the x-axis, f(x) = vx, and g(x) = 6 — x.
Region R is the base of a solid. For eachy, where 0 < y < 2, the cross
section of the solid taken perpendicular to the y-axis is a rectangle whose
base lies in R and whose height is 2y. Write, but do not evaluate, and
integral expression that gives the volume of the solid.

Since the cross sections are described as perpendicular to the y-axis, this solution is developed with
respect to y.

The points of intersection are given as (0,0), (4,2) and (6,0), so we are ahead of the game with
respect to those. The y-values of the region range from y =0 toy = 2.

We need to revise the function definitions so they are given in terms of f(y).
y = f(x) form: y=+x y=6-x

x = f(y) form: x =1y? X=6-y

The formula for the area of a rectangleis A = 1w, where lis
the length of one side of the rectangle and w is the length of the
other side of the rectangle.

Cross section:

2y

In this problem, [ = 6 —y — y?, and w = 2y (since the height
of the solid is given as 2Yy).

A=1-w=(6-—y—y?):2y.

The total volume is:

V= fo A dy

2 2
V=f (6—y—y*)-2y dy=2f (6y —y*—y3) dy
0 0

Here’s an attempt to show several cross-sections relating to the diagram in this problem. Try to look at it as
the rectangles are rising up out of the page. Integrating with respect to the variable y adds up all the
rectangles, resulting in the volume of the shape in question.

} - Y The width of each rectangle is
’ - :,)-— =g equal to the distance between
i = s | the curves. The height in this

- . problem is equal to 2y.
ol 1 & & 5 e~
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