Higher Mathematics Quest
GCC Straight Line

[SQA] 1. A triangle ABC has vertices A(4, 8), B(1, 2) and C(7, 2).

A
! A
B C
(a) Show that the triangle is isosceles. (2)
(b) (i) The altitudes AD and BE intersect at H, where D and E lie on BC
and CA respectively. Find the coordinates of H. (7)
(ii) Hence show that H lies one quarter of the way up DA. (1
[SQA] 2. Find the size of the angle a4° that the line YA
joining the points A(0,—1) and B(3+/3,2) B(3v/3,2)
makes with the positive direction of the
x-axis. a° 3
@) x
/@ ~1)
[SQA] 3. The diagram shows a kite OABC. v i c
A is the point (4,0) and B is the point (4,3).
Calculate the gradient of OC correct to two 8
decimal places. 13
3
0 4 A x

sQal 4. Find the equation of the line through the point (3, —5) which is parallel to the line
with equation 3x + 2y — 5 = 0. 2
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Higher Mathematics

5. A triangle ABC has vertices A(4, 3), B(6, 1) and C(-2,-3)
as shown in the diagram. Find the equation of AM, the
median from A.

[SQA]

C-2,3)

[SQA] 6. Inthediagram A is the point (7.0), Bis (-3,- 2) and C(-1,8).
The median CE and the altitude BD intersect at J.
{a} Find the equations of CE and BD.
{b) Find the co-ordinates of J.

[SQA] 7. Triangle POR has vertex P on the x-axis, y
as shown in the diagram.

Q and R are the points (4,6) and (8, —2)6x— 7y + 18
respectively.

The equation of PQ is 6x — 7y + 18 = 0. /

(a) State the coordinates of . P

(b) Find the equation of the altitude of
the triangle from P.

(c) The altitude from P meets the line
OR at T. Find the coordinates of T.
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[sQal 8. ABCD is a square. A is the point with coordinates (3,4) and ODC has
equation y=3x.

LY
B
A
C
D
0 "
(@) Find the equation of the line AD. (3)
(b) Find the coordinates of D. (3)
(¢) Find the area of the square ABCD. (2)
[SQA] 9. A Royal Navy submarine exercising in the Firth of Clyde is y A

stationary on the seabed below a point S on the surface. Sis the
point (5, 4) as shown.

A radar operator observes the frigate ‘Achilles’ sailing in a S,

straight line, passing through the points A, (4, -1) and A, (-1, 1). A, lr

Similarly the frigate ‘Belligerent’ is observed sailing in a straight A :) . >
line, passing through the points B, (-7, -11) and B, (1,-1). s i B, x

If both frigates continue to sail in straight lines, will either or both
frigates pass directly over the submarine ? . 5
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10. Triangle ABC has vertices A(4,0),
B(4,16) and C(18,20), as shown in
the diagram opposite.

Medians AP and CR intersect at the B
point T (6,12).

(a) Find the equation of median BQ.
(b) Verity that T lies on BQ.
(c) Find the ratio in which T divides BQ.

sQal  11. Triangle ABC has vertices A(2,2), Y 4
B(12,2) and C(8,6). C(8,6)

(1) Write down the equation of [y,
the perpendicular bisector of
AB.

_ _ A(2,2) B(12,2)
(b) Find the equation of I, the .

perpendicular bisector of AC. @) X

(c) Find the point of intersection of
lines [; and I5.

(d) Hence find the equation of the
circle passing through A, B and
C.

[END OF QUESTIONS]
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Higher Mathematics

Quest

GCC Straight Line

[SQA] 1. A triangle ABC has vertices A(4, 8), B(1, 2) and C(7, 2).

A
! A
B C
(a) Show that the triangle is isosceles. (2)
(b) (i) The altitudes AD and BE intersect at H, where D and E lie on BC
and CA respectively. Find the coordinates of H. (7)
(ii) Hence show that H lies one quarter of the way up DA. (1
Part | Marks | Level | Calc. | Content Answer U1 0C1
(a) 2 C CN | G1 proof 1995 P2 Q1
(b) 8 C | CN [ GS8,G7, Gl (@) H(4,2), (ii) proof

(@) o' Calculate the length of the sides
o AB=AC=3%+6%

() o  knows to find equ. of an altitude
o mpc=-2

1

*  x=4 stated orimplied

. knows how to find intersection
o H= [4, %)

«"" DA=6 and DH=1}
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[SQA] 2. Find the size of the angle 4° that the line YA
joining the points A(0,—1) and B(3v/3,2) B(3V3,2)
makes with the positive direction of the
X -axis. a° -
O X
/@ -1)
Part | Marks | Level | Calc. | Content Answer U1 OC1
3 C NC | G2 30 2000 P1 Q3
1 e . : 1 2—(=1)
o' ss:  know how to find gradient or o' S

equ.
e’ pd: process
o’ ic: interpret exact value

o2 tana = gradient stated or implied by

3

3 1=30
[SQA] 3. The diagmm shows a kite OABC. ¥ i c
A is the point (4,0) and B is the point (4,3).
Calculate the gradient of OC correct to two 5
decimal places.
3
o} 4 A x
Part | Marks | Level | Calc. | Content Answer U1 OC1

3 C CR | G2

1992 P1 Q13

= straf: ie. try toevaluate cOA
«° AOB=369"
*  tan73.7°=3428

. XCOs5X

sQal 4. Find the equation of the line through the point (3, —5) which is parallel to the line

with equation 3x + 2y — 5 = 0.

Part | Marks | Level | Calc. | Content

Answer U1 OC1

2 C CN | G3,G2

1991 P1 Q1

o m= -% stated or implied by o2

& y-(-5)=-3(x-3)
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[SOA] 5. A triangle ABC has vertices A(4, 3), B(6, 1) and C(-2,-3) ¥ A4 3)
as shown in the diagram. Find the equation of AM, the
median from A,
B (6, 1)
0 / x
M
C(-2,-3)
Part | Marks | Level | Calc. | Content Answer U1 OC1
3 C CN | G3,G3 1998 P1 Q1
S M=(2,-1)
o2 Mypg = %
2y (-1)=2(x-2)
[SQA] 6. Inthediagram A is the point (7.0), Bis (-3,- 2) and C(-1,8). c ¥
The median CE and the altitude BD intersect at J.
{a} Find the equations of CE and BD. D
{b) Find the co-ordinates of J. .
7 A
w}/‘?" »>
E
B
Part | Marks | Level | Calc. | Content Answer U1 OC1
(a) 6 C NC | G3,G5,G8 1992 P1 Q2
(b) 2 C NC | G8
|
o' E=(2,-1) . e =5
o mep =-3 '6 mpp = =1
@ y-(D=-3(-2 or y-B=-3(x~(-1) © Y- -D=1x-(-3)
o strat attempt to solve simultaneously
< =2
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7. Triangle POR has vertex P on the x-axis,
as shown in the diagram.

Q and R are the points (4,6) and (8, —2)6x— 7y + 18

respectively.
The equation of PQ is 6x — 7y + 18 = 0.
(a) State the coordinates of .

y

Z

Quest

P
(b) Find the equation of the altitude of
the triangle from P. R(8,-2)
(c) The altitude from P meets the line
QR at T. Find the coordinates of T.

Part | Marks | Level | Calc. | Content Answer U1 0C1
(a) 1 C | CN | G4 P(=3,0) 2009 P1 Q21
(b) 3 C | ON |G7 y=3(x+3)

() 4 C CN | G8 T(5,4)
ol ic: interpret x-intercept ol P=(-3,0)
o’ pd: find gradient (of QR) Mmor = —2
o3 ss: know and use mymy = —1 Malt, = %
o ic: state equ. of altitude ot y—0=13(x+3)
¢ ic: state equ. of line (QR) o y+2=-2(x—28)
% ss: prepare to solve sim. equ. o x—2y=-3and2x+y =14
¢’ pd: solve for x o x=5
% pd: solve fory o y=14

Page 4
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[sQal 8. ABCD is a square. A is the point with coordinates (3,4) and ODC has
equation y=3x.

AY
B
A
C
D
B
0 x
(@) Find the equation of the line AD. (3)
(b) Find the coordinates of D. 3)
(¢) Find the area of the square ABCD. (2)
Part | Marks | Level | Calc. | Content Answer U1 OC1
(a) 3 C CN | G5,G3 1994 P2 Q2
(b) 2 C CN | Gl
() 2 C CN | G1
(@ o using mymy = -1

L] mﬁD=‘2

. y—4=-2(x-3)

& strategy for sim. equations
. 2x+y=10 orequiv

S 3]

© o strategy: find length of AD

. 5
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[SQA] 9. A Royal Navy submarine exercising in the Firth of Clyde is y A
stationary on the seabed below a point S on the surface. Sis the
point (5, 4) as shown.
A radar operator observes the frigate ‘Achilles’ sailing in a S,
straight line, passing through the points A, (4, -1) and A, (-1, 1). A, lr
Similarly the frigate ‘Belligerent’ is observed sailing in a straight Ay ‘::) i >
line, passing through the points B, (-7,-11) and B, (1,-1). o o Ba *
If both frigates continue to sail in straight lines, will either or both r
frigates pass directly over the submarine ?
B,
Part | Marks | Level | Calc. | Content Answer U1 0C1
5 C CN | G8 1995 P1 Q6
. strat: compare gradients | o strat; st lines and substitution
. Mo Ay =% : o AjAg: _1,r+]=%|:: + 4) or equivalent
o ma.s =2l or Wig,g =% so not heading for 5 I = 4+1#%{5+4} so not heading for S
o Mg, Ry :% | o BBy y+11=%—(r+7) or equivalent
- mp,s =% 0r mgg =3 soheading forS I & 4+11=5(547) soheading for§
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10. Triangle ABC has vertices A(4,0),
B(4,16) and C(18,20), as shown in
the diagram opposite.

Medians AP and CR intersect at the
point T (6,12).

(a) Find the equation of median BQ.

(b) Verity that T lies on BQ.

(c) Find the ratio in which T divides BQ.

Part

Marks | Level | Calc. | Content

Answer

(@)

3 C CN | G7

y—16 = —2(x —(-4))

(b)

1 C CN | A6

proof

(©)

2 C CN | G24

2:1

5

6

ss: know and find midpoint of AC
pd: calculate gradient of BQ
ic: state equation

ic: substitute in for T and complete
ss:  valid method for finding the

ratio
ic: complete to simplified ratio

o (11,10)
—%orequiv
@ y—16 = —3(x— (~4))

ory—10=—2(x—11)

1
.2
3
ot 2(6) +5(12) =12+ 60 = 72

> e.g. vector approach

= 10\ == 5
A (4% ()

o 2:1
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Quest

sQal  11. Triangle ABC has vertices A(2,2), y
B(12,2) and C(8,6). C(8,6)
(1) Write down the equation of [y,
the perpendicular bisector of
AB.
) ) A(2,2) B(12,2)

(b) Find the equation of [, the .

perpendicular bisector of AC. @) X
(c) Find the point of intersection of
lines [; and I5.

(d) Hence find the equation of the
circle passing through A, B and
C.

Part | Marks | Level | Calc. | Content Answer U2 OC4
(a) 1 C CN | G3,G7 x=7 2001 P2 Q7
) 4 C | CN | G7 3x+2y =23
©) 1 C | CN |[G8 7,1)

) 2 | A/B | CN | G8,G9, GI0 x—77%+(y—1%=26
ol ic: state equation of a vertical line ol x=7
2 pd: process coord. of a midpoint 2 midpoint = (5,4)
o’ ss: find gradient of AC o3 mac =3
o' ic: state gradient of perpendicular ot m; = -3
¢® ic: state equation of straight line o y—4= _%( x —5)
¢ pd: find pt of intersection o x=7y=1

o’ ss: use standard form of circle equ. o (x—=7)24 (y—1)2
8 ic: find radius and complete 8 (x—7)2+(y—1)2=26
or
o x>4+1y?—14x—2y+c=0
o c=24
[END OF QUESTIONS]
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Quest

GCC Quadratics and Polynomials

Paper 1 Section A

Each correct answer in this section is worth two marks.

1. Which of the following diagrams
shows a parabola with equation
y = ax? + bx + c, where

e 0>0

o b2 —4dac > 0?
y

/

g
-
TV

2. The diagram shows the graph of a
cubic.

:I/u

(1,2)

What is the equation of this cubic?
A y=—x(x+1)(x—-2)
B. y=—x(x—1)(x+2)
C. y=x(x+1)(x—2)
D. y=x(x—1)(x+2)

3. If f(x) = (x—3)(x+5), for what
values of x is the graph of y = f(x)
above the x-axis?

A, —5<x<3
B. -3<x<5
C. x<-5,x>3

D. x<-3,x>5
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4. What is the solution of xZ + 4x > 0,

where x is a real number?

A.

B
C.
D

5. Solve
A.

B
C.
D

-4 <x<0
x<—4,x>0
O<x<4

x<0,x>4

6—x—x><0.
—-3<x<2
x<—3,x>2
—2<x<3

X< —-2,x>3

6. The discriminant of a quadratic
equation is 23.

Here are two statements about this
quadratic equation:

I. the roots are real;

II. the roots are rational.

Which of the following is true?

A.

B
C.
D

neither statement is correct
only statement I is correct
only statement II is correct

both statements are correct

Page 2

Quest

7. A function f is given by
flx) =2x2 —x—9.

Which of the following describes the
nature of the roots of f(x) = 0?

A.

B
C.
D

No real roots
Equal roots
Real distinct roots

Rational distinct roots

8. The roots of the equation
kx? — 3x +2 = 0 are equal.

What is the value of k?

A.

B
C.
D

\O|0 ®\Oo

=] NoRuNel[e]
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9. The diagram shows the graph with
equation y = k(x — 1)%(x +t).

y

10

k t
A | =2 | =5
B. | -2 5
C. 2 -5
D. 2 5

10. A parabola intersects the axes at
x=-2,x=—-land y =6, as
shown in the diagram.

v A
6

What is the equation of the

parabola?
A y=6(x—1)(x—2)
B. y=6(x+1)(x+2)
C. y=3(x—-1)(x—2)
D. y=3(x+1)(x+2)

Page 3

Quest

11. A function f is defined on the set of
real numbers by
flx) =x>—x>+x+3.

What is the remainder when f(x) is
divided by (x —1)?

A0
B. 2
C. 3
D. 4

Questions marked ‘[SQA]" © SQA
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[END OF PAPER 1 SECTION A]

Paper 1 Section B
sQal 12, (a) Express f(x) = x> —4x + 5 in the form f(x) = (x —a)? +b.

(b) On the same diagram sketch:
(i) the graphof y = f(x);
(ii) the graph of y =10 — f(x).

(c) Find the range of values of x for which 10 — f(x) is positive.
(soa]  13. Find the values of x for which the function f(x) = 2x> — 3x? — 36x is increasing.

sQa]  14. Given that k is a real number, show that the roots of the equation kx> +3x+3=k
are always real numbers.

sQa]  15. For what value of k does the equation x?> — 5x + (k + 6) = 0 have equal roots?

s0a] 16, Calculate the least positive integer value of k so that the Ya y=k—8x+k
graphof y= kx? - 8x+ k does not cut or touch the x-axis.

(0k)

isal  17. Find the values of k for which the equation 2x? + 4x + k = 0 has real roots.

18. (a) (i) Show that (x — 1) is a factor of f(x) = 2x>+ x> — 8x + 5.
(ii) Hence factorise f(x) fully.
(b) Solve 2x3 + x> —8x +5 = 0.
(c) The line with equation y = 2x — 3 is a tangent to the curve with equation
y = 2x% + x? — 6x + 2 at the point G.
Find the coordinates of G.

(d) This tangent meets the curve again at the point H.
Write down the coordinates of H.
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[SQA]

[SQA]

[SQA]

[SQA]
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19

20.

21

22.

23

24.

25

26.

. Factorise fully 2x3 + 5x% — 4x — 3. 4
(a) Show that x =2 is a root of the equation 2%+ 27 ~13x+6=0. ;
(/) Hence find the other roots.

. One root of the equation 2x® — 3x% + px 430 = 0 is —3.

Find the value of p and the other roots. 4
{a) Show that {x— 3)isa factor of f(x) where f(x)= 25" + 3 - 23x-12. 2
{b) Hence express f(x) inits fully factorised form. 2

. Express x* — x in its fully factorised form. 4
{a) Find a real root of the equation 23:3 - 3x2 +2x-8=0. 2
(b) Show algebraically that there are no other real roots. 3

. Express x® — 4x? — 7x + 10 in its fully factorised form. 4
The diagram shows part of the graph of 4 3
the curve with equation

f{x}=xg+x2—16x—16. /\
\ J
(@) Factorise f(x). @)
(b) Write down the co-ordinates of the four points where the curve crosses
the x and i axes. @
(6)

(¢) Find the turning points and justify their nature.

Questions marked ‘[SQA]" © SQA
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soa]  27. The graph of the curve with equation y = 2% + X -13x+a crosses the
x-axis at the point (2,0).

(a) Find the value of a and hence write down the coordinates of the point

at which this curve crosses the y-axis. (3)
(b) Find algebraically the coordinates of the other points at which the
curve crosses the x-axis. (4)

sQa]  28. The diagram shows a sketch of part of the graph of y= X -2x7 +x.

y *
I
1
0 ' -
2 «x
(@) Show that the equation of the tangent to the curve at x = 2is y=5x-8. (4)

(b) Find algebraically the coordinates of the point where this tangent meets
the curve again. (5)

Questions marked ‘[SQA]" © SQA
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soa] 29, The map shows part of the coast road
from Achnatruim to Inveranavan. In
order to avoid the hairpin bends, it is
proposed to build a straight causeway,
as shown, with the southern end
tangential to the existing road.

With the origin taken at the Post Office the
part of the coast road shown lies along the
curve with equation y = x> —9x. The y=x -9y
causeway is represented by the line AB.

The southern end of the proposed causeway

is at the point A where x = -2, and the line A

-

AB is a tangent to the curve at A. A1
I

=)

(@) (i) Write down the coordinates of A. (5)
(ii) Find the equation of the line AB,

(b) Determine the coordinates of the point B which represents the northern end (7
of the causeway.

sQal  30.  The parabola shown in the diagram has equation y = 4x- X y
and intersects the x-axis at the origin and P.

P ot
A v
(@  Find the coordinates of the point P.
()  Ris the point (0, 2). Find the equation of PR. 2
(©) Theline and the parabota also intersect at Q. Find the
coordinates of Q. 4

Questions marked ‘[SQA]" © SQA
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31.

The diagram shows the plans for a proposed new racing circuit.
The designer wishes to introduce a slip road at B for cars wishing
to exit from the circuit to go into the pits. The designer needs to
ensure that the two sections of road touch at B in order that
drivers may drive straight on when they leave the circuit.

Relative to appropriate axes, the y=—4x-3
part of the circuit circled above is
shown below. This part of the
circuit is represented by a curve Prg?;ed
with equation y=5- 2’ - i
and the proposed slip road is

represented by a straight line

with equation y=-4x-3.

Quest

y:5—2xl—x3

(a) Calculate the coordinates of B.

.-/
ny

(b) Justify the designer’s decision that this direction for the slip road does

allow drivers to go straight on.

32. (@) () Make asketch of the graph of y=x°, where -3 <x <3, xeR.

(i) On the same diagram, draw the graph of y=6x+1.

(b) State the number of roots which the equation ¥ =6x+1 has in the

interval -3 <x<3.

() Calculate the value of the positive root, correct to 3 significant figures.

[END OF PAPER 1 SECTION B]
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Paper 2
[SQA] 1.

(i) Write down the condition for the equation ax?> + bx +c = 0 to have no real
roots.

(ii) Hence or otherwise show that the equation x(x + 1) = 3x — 2 has no real
roots.

[sQa] 2. Show that the roots of the equation (k — 2)x? — (3k — 2)x + 2k = 0 are real.

[sQAl 3. (@) The point A(2, 2) lies on the parabola ¥
y= xz +pxd-q.
Find a relationship between p and q. (0
AQ2,2)
0
X

(b) The tangent to the parabola at A is the line ¥ = x. Find the value of p.
Hence find the equation of the parabola. (6)

(c) Using your answers for p and 4, find the value of the discriminant of
x* + px + g = 0. What feature of the above sketch is confirmed by this
value ? )

sQal 4. The roots of the equation (x — 1)(x + k) = —4 are equal.
Find the values of k. 5

Questions marked ‘[SQA]" © SQA
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a b
SQAl . An array of numbers such as [ .:i) is called a matrix. The eigenvalues of the matrix
C

a b
A= [c d} are defined to be the roots of the equation (4 —x)(d —x) - bc=0-

13
ExamrLe | In order to find the eigenvalues of the matrix B= ( ]

4 2
solve (1-x)(2-x)-4x3=0
solution: 2 Bx+x>—12=0

¥ —8x-10=0

(x+2)(x-5)=0
x=-2or x=5

so the eigenvalues of B are -2 and 5

3 4
(@) Find the eigenvalues of C= (2 5).

3
(b) Find the value of t for which the eigenvalues of the matrix D = [t ;

[sQa] 6. Show that the equation (1 — 2k)x? — 5kx — 2k = 0 has real roots for all integer

values of k.
sQa] 7. The diagram shows a sketch of a )
parabola passing through (—1,0), 0, p)
(0,p) and (p,0). '
(a) Show that the equation
of the parabola is
— _ N2 (_1/ O) (P/ 0)
y=p+ (P 1)x X" O Y =X

(b) For what value of p will the line
y = x + p be a tangent to this
curve?

sQa] 8. (a) Given that x + 2 is a factor of 2x3 + x? + kx + 2, find the value of k.
(b) Hence solve the equation 2x3 4+ x2 4+ kx +2 = 0 when k takes this value.

Questions marked ‘[SQA]" © SQA
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sQal 9. The diagram shows part of the graph of the Y
curve with equation y = 2x3 — 7x? + 4x + 4. y=f(x)

(a) Find the x-coordinate of the maximum
turning point.

(b) Factorise 2x3 — 7x% + 4x + 4.

(c) State the coordinates of the point A and A .
hence find the values of x for which [ O (2,0) X
2x3 —7x% +4x +4 < 0.

sea]  10. Find p if (x + 3) is a factor of x> — x% + px + 15.

(sQal  11. When f(x) = 2x* — x® + px? + gx + 12 is divided by (x — 2), the remainder is 114.
One factor of f(x) is (x+1).
Find the values of p and gq.

[sQa]  12.  The function f, whose incomplete graph Y
is shown in the diagram, is defined by
f)=x" —22" +2x-1,
Find the coordinates of the stationary 0

points and justify their nature. \/ /

=Y

sQa]  13. The diagram shows a sketch of the Y4
graph of y = x% — 3x? + 2x. y =23 — 322+ 2x
(a) Find the equation of the

tangent to this curve at the
point where x = 1. 0O

(b) The tangent at the point (2,0) X
has equation y = 2x — 4. Find
the coordinates of the point

where this tangent meets the
curve again.

[END OF PAPER 2]
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GCC Quadratics and Polynomials

Paper 1 Section A

Each correct answer in this section is worth two marks.

1. Which of the following diagrams shows a parabola with equation
y = ax? + bx + c, where

e a>0

o b2 —4ac > 0?

Yy /
A. O X

| /
B. C x

Yy

C / \ X

C.

Yy

(@) \ X
D.
Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
B 2.1 C 0 0 CN A7, A15, A17 2010 P1 Q13

Questions marked ‘[SQA]" © SQA
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2. The diagram shows the graph of a cubic.

Ya
(1, 2)
= 0 2 X
What is the equation of this cubic?

A y=—x(x+1)(x—2)

B. y=—x(x—1)(x+2)

C. y=x(x+1)(x—2)

D. y=x(x—1)(x+2)
Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source

A 2.1 C 0 0 CN A7,A19 2011 P1 Q17

Questions marked ‘[SQA]" © SQA
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3. If f(x) = (x —3)(x+5), for what values of x is the graph of y = f(x) above the
x-axis?

A, —5<x<3
B. -3<x<5
C. x<-5,x>3

D. x<-3,x>5

Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
C 2.1 A/B 0 0 CN Al6 2011 P1 Q18

4. What is the solution of x% + 4x > 0, where x is a real number?

A, —4<x<0
B. x<—-4,x>0
C. 0<x<4

D. x<0,x>4

Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
B 2.1 C 0 0 CN Al6 2010 P1 Q18

Questions marked ‘[SQA]" © SQA
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5. Solve 6 — x — x2 < 0.
A -3<x<?2

B. x<-3,x>2
C. —2<x<3

D. x<-2,x>3

Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
B 2.1 C 0 0 NC Al6 2012 P1 Q19

6. The discriminant of a quadratic equation is 23.

Here are two statements about this quadratic equation:

I. the roots are real;

II. the roots are rational.

Which of the following is true?

A. neither statement is correct
B. only statement I is correct
C. only statement II is correct

D. both statements are correct

Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
B 2.1 A/B 0 0 NC Al7 2011 P1 Q9
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7. A function f is given by f(x) =2x2 —x —9.
Which of the following describes the nature of the roots of f(x) = 0?

A. No real roots
B. Equal roots
C. Real distinct roots

D. Rational distinct roots

Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
C 2.1 C 0 0 NC Al7 2009 P1 Q12

8. The roots of the equation kx> — 3x + 2 = 0 are equal.
What is the value of k?

A =3

B. -8

c. 3

D. %

Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
D 21 C 0 0 CN A18 2010 P1 Q6
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9. The diagram shows the graph with equation y = k(x — 1)?(x + t).

y

10

What are the values of k and #?

k t
A. -2 -5
B. -2 5
C. 2 -5
D. 2 5
Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
A 2.1 C 0 0 CN A19 2010 P1 Q16
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10. A parabola intersects the axes at x = —2, x = —1 and y = 6, as shown in the
diagram.

ON_7Z1 O ™

What is the equation of the parabola?
A y=6(x—1)(x—2)

B. y=6(x+1)(x+2)

C. y=3(x—-1)(x—-2)

D. y=3(x+1)(x+2)
Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source

D 2.1 C 0 0 NC A19 2012 P1 Q13
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Page 7 All others (©) Higher Still Notes



Higher Mathematics

Quest

11. A function f is defined on the set of real numbers by f(x) = x3 — x? + x + 3.
What is the remainder when f(x) is divided by (x —1)?

A. 0
B. 2
C. 3
D. 4
Key | Outcome | Grade | Facility | Disc. | Calculator | Content Source
D 2.1 C 0 NC A21 2011 P1 Q7
[END OF PAPER 1 SECTION A]
Paper 1 Section B
(sQa] 12, (a) Express f(x) = x> —4x + 5 in the form f(x) = (x —a)? +b.
(b) On the same diagram sketch:
(i) the graph of y = f(x);
(ii) the graph of y =10 — f(x).

(c) Find the range of values of x for which 10 — f(x) is positive.

Part | Marks | Level | Calc. | Content Answer U1 0C2
(a) 2 C NC | A5 a=2,b=1 2002 P1 Q7
(b) 4 C NC | A3 sketch
(c) 1 C NC | Ale, A6 -1<x<5

ol pd: process, e.g. completing the ol g=2

square > b=1
o2 pd: process, e.g. completing the 3

square o> any two from:

parabola; min. t.p. (2,1); (0,5)

¢’ ic: interpret minimum e* the remaining one from above list
o' ic: interpret y-intercept reflecting in x-axis
o> ss: reflect in x-axis ® translating +10 units, parallel to
¢® ss: translate parallel to y-axis

ic: interpret graph

y-axis

7 (-1,5)ie. -1 <x<5

Page 8
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13. Find the values of x for which the function f(x) = 2x3 — 3x? — 36x is increasing.
Part | Marks | Level | Calc. | Content Answer U2 0C1
2 C NC | C7, Al6 1996 P1 Q16
2 A/B | NC | C7,Al6

¢ know to consider f(x}>0 stated or implied by the evidence for =%,

¢ B’ 6x-36
o® 6(x—3)(x+2)>0 or by formula or completing the square

o x<=-2, >3

14. Given that k is a real number, show that the roots of the equation kx> +3x +3 =k

are always real numbers.
Part | Marks | Level | Calc. | Content Answer U20C1
1 C NC | A17 1991 P1 Q18
4 A/B | NC | A17

*  for realising “b* - dac”2 0
Z o +3x+03-0=0

@ A= -4kG-b

o a=(2%-3)7

*> for stating (2k - 3)%is 20 for all real &

15. For what value of k does the equation x> — 5x + (k + 6) = 0 have equal roots?

Part | Marks | Level | Calc. | Content Answer U2 OC1

3 C | CN | A18 k=1 2001 P1 Q2

! ss: know to set disc. to zero ol b2 —dac =0 stated or implied by >
o2 ic:  substitute a, b and c into o2 (=5)2 -4 x (k+6)
discriminant ok

¢ pd: process equation in k

ST

Questions marked ‘[SQA]" © SQA
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16. Calculate the least positive integer value of k so that the Ya y =k —8x+k
graphof y= kx” - 8x+ k does not cut or touch the x-axis.

(0.k)
0 "
Part | Marks | Level | Calc. | Content Answer U2 OC1
1 C NC | A18 1992 P1 Q17
3 A/B | NC | A18

= sirat: uvse discriminant
o b —dac<0

o pa-4k’

e k=5

17. Find the values of k for which the equation 2x? + 4x + k = 0 has real roots.

Part | Marks | Level | Calc. | Content Answer U2 OC1
2 C NC | A18 1993 P1 Q3

o' discriminant = 16— 4 x2xk

Z 16-8k=0 forreal roots=>k <2

Questions marked ‘[SQA]" © SQA
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18. (a) (i) Show that (x — 1) is a factor of f(x) = 2x> + x> — 8x + 5.
(ii) Hence factorise f(x) fully.

(b) Solve 2x3 + x> —8x +5 = 0.

(c) The line with equation y = 2x — 3 is a tangent to the curve with equation
y = 2x% + x% — 6x + 2 at the point G.

Find the coordinates of G.

(d) This tangent meets the curve again at the point H.

Write down the coordinates of H.

Part | Marks | Level | Calc. | Content Answer U20C1
(a) 5 C CN | A21 (x—1)(x—1)(2x +5) 2010 P1 Q22
(b) 1 C CN | A22 x=1-3
© | 5 C | CN | A23 1,-1)

(d) 1 C CN | A23 (—3,-8)

ol ss: knowtousex =1 o! evaluating at x = 1...
o’ ic: complete evaluation 2 24+1-8+5=0
¢3 ic: state conclusion ¢ (x—1)is a factor
¢! pd: find quadratic factor ot (x—1)(2x*> +3x —5)
¢° pd: factorise completely ¢ (x—1)(x—1)(2x+5)
¢ ic: state solutions o x=1landx= -3
o’ ss: set Yeurve = Viine o 23+ x> —6x+2=2x—-3
% ic: express in standard form o 233+ x2—8x+5=0
¢’ ss: compare with (a) or factorise ¢ (x—1)(x—1)(2x+5)=0
10 ic:  identify xg 0 y=1

!l pd: evaluate y¢ hy=-1

e!2 pd: state solution o!2 (—3,-8)

19. Factorise fully 2x° 4 5x% — 4x — 3.
Part | Marks | Level | Calc. | Content Answer U2 OC1
4 C NC | A21 1989 P1 Q2

«' stral: make 2 trial divisions or 2 trial evaluations
o first linear factor
o quadratic factor

«  pther linear factors
(-T2 + 1)(x+3)

Questions marked ‘[SQA]" © SQA
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(sQa]  20. (a) Show thatx=2isa root of the equation 2% 20 ~13x+6=0.
(1) Hence find the other roots.

Part | Marks | Level | Calc. | Content Answer U2 0C1
(a) 1 C NC | A21 1999 P1 Q1
(b) 3 C NC | A21

2
Jd o f(2)=16+4-26+6=0 woz12 1 136
0 -6
or
the appearance of a '0' at the end 2 5 30
of the 3xd line in the table below ¥ 227 45¢-3
) =3 1
"%
(sQa]  21. One root of the equation 2x® — 3x2 + px + 30 = 0 is —3.
Find the value of p and the other roots.
Part | Marks | Level | Calc. | Content Answer U2 OC1
4 C NC | A21 1993 P1 Q7

o! f(-3)=-54-27-3p+30 or synth.division €& -3 2 -3 P 30
2 -6 27 -3p-81
L o -2 -9 p+27 -3p-51
& 2% —9x410 and -8p-51=0
4 55
. 2’-2-

[SQAl  22. (2) Show that (x—3)isa factor of f(x) where f(x)=2x"+3x* -~ 23x-12.

{b) Hence express f(x} inits fully factorised form.

Part | Marks | Level | Calc. | Content Answer U2 OC1
(a) 2 C NC | A21 1995 P1 Q2
(b) 2 C NC | A21

o f(3)=2x3°+3x3*-23x3-12
. =0

or equivalent division

@ 2% 49x+4
. (x—3)2x+1)x+4)

Questions marked ‘[SQA]" © SQA
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Higher Mathematics

23. Express x

4

Quest

— x in its fully factorised form.

Part

Marks

Level

Calc.

Content Answer U2 OC1

4

C

NC

A21 1996 P1 Q7

o2

3
.

xR

synthetic division or eval. f(k)

linear factor = (x—1)

o xx— 1{12 +x+ 1]

orR ° synthetic division or eval. f(k)
*“  linear factor =(x-1)

s cubic factor= (x?' - Jr:2 + .ﬂ.‘)

o x{.!c‘l)[:r2 +x+'1]

24. {a) Find a real root of the equation 2° = 3x% +2x -8 =0.
(b) Show algebraically that there are no other real roots.

Part | Marks | Level | Calc. | Content Answer U2 OC1
(a) 2 C NC | A21 1997 P1 Q5
(b) 3 C NC | A21
o' looking for f(x)=......=0 S e
© x=2 explicitly stated & B ogec=1-4x2x4

5,2 :
e b -d4gc<(Q means no real roots

25. Express x° — 4x% — 7x + 10 in its fully factorised form.

2

Part | Marks | Level | Calc. | Content Answer U2 OC1
4 C NC | A21 1998 P1 Q2
o evaluating f(k) for any integer by any method o’ quad factor e.g. x° -3x-10

find 1 value of ksit. f(k)=0
e.g. f(1} or f(=2) or f(3)

o (x—Dx+2)x-5)

Questions marked ‘[SQA]" © SQA
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[sQa]  26. The diagram shows part of the graph of 4 A
the curve with equation

fa)=x"+x" —16x—16. /\

\ J
(a) Factorise f(x). @)
(b) Write down the co-ordinates of the four points where the curve crosses
the x and i axes. @

(¢) Find the turning points and justify their nature. ()
Part | Marks | Level | Calc. | Content Answer U2 0C1

(a) 3 C NC | A21 1992 P2 Q1
(b) 2 C | NC | a6

(©) 6 C | NC |cCs8

(a) ! any linear factor
corresponding quadratic factor
3 flx)=(x+D(x—d)x+4)

[ =]

(5) +* Forall3 points on x-axis
5 (0,-16)

@ o fr)=3x"+2x-16
Y use fllx)=0
o x=2, and x=-—%

o y=-36 and y= 400(14.8)

+ | - +

2 |2|2
-10] +

BT =8 (o

a3 3
Fol| + 10

10
.

) |wlee

'“ max at (—

| oo

.%}, min at (2,-36)
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soa]  27. The graph of the curve with equation y = 2% + X -13x+a crosses the
x-axis at the point (2,0).

(a) Find the value of 2 and hence write down the coordinates of the point

at which this curve crosses the y-axis. (3)
(b) Find algebraically the coordinates of the other points at which the
curve crosses the x-axis. @
Part | Marks | Level | Calc. | Content Answer U2 0C1
(a) 3 C NC | A21 1994 P2 Q1
(b) 4 C NC | A21
(a) '1 strateg)r
ey 2 2 1 -13  a
4 10 -6
2 5 =3 0
or f(Q)=0=16+4-26+a
-2 a==6
< 00
O

L (x+3)(2x—1}
o8 x=-=3, -%-

" (-3,0), (3.9)

Questions marked ‘[SQA]" © SQA
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sQa]  28. The diagram shows a sketch of part of the graph of y= X -2x7 +x.

y *
I
1
0 ' -
2 «x
(@) Show that the equation of the tangent to the curve at x = 2is y=5x-8. (4)

(b) Find algebraically the coordinates of the point where this tangent meets

the curve again. (5)
Part | Marks | Level | Calc. | Content Answer U2 OC1
(a) 4 C | NC | C4G3 1995 P2 Q2
(b) 5 C NC | A23
i o B
dx
o 3 —dx+1

- mx=z :5
o y-2=5(x-2)

® & equate’y's

o -2 —4x+8=0
*  eg. synthetic division
*  the appearance of:
:r:2-4
2
or x —~4x+4
or 2
or -2,2,2

o x=-2 y=-18

Questions marked ‘[SQA]" © SQA
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29. The map shows part of the coast road
from Achnatruim to Inveranavan. In
order to avoid the hairpin bends, it is
proposed to build a straight causeway,
as shown, with the southern end
tangential to the existing road.

¥ s
B,
With the origin taken at the Post Office the
part of the coast road shown lies along the
curve with equation y=x3—9x.Thc y= -0y

causeway is represented by the line AB.

The southern end of the proposed causeway
is at the point A where x = -2, and the line A
AB is a tangent to the curve at A. A1

\
|
[
=)
=)

(@) (i) Write down the coordinates of A. (5)
(ii) Find the equation of the line AB,
(b) Determine the coordinates of the point B which represents the northern end (7
of the causeway.
Part | Marks | Level | Calc. | Content Answer U2 0OC1
(ai) 1 C | NC | A6 1998 P2 Q5
(aii) 4 C NC | C4,G3
(b) 2 C NC | A23
(b) 5 A/B | NC | A23
(@ o Yyimaz =10 (b of y=3x+16
Tl - 7 Bx4l6=10 -9x
S o329 &P tar-16=0
R e eg EYE 0 -12 -6
5 -2 4 16
» -10-3Hx+2
y-10-=22) 1 2 8 0
o e.g. ¥’ —2¢-8
B eg (x+2)x-4)
2 Bis(4,28)

Questions marked ‘[SQA]" © SQA
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30. The parabola shown in the diagram has equation y = 4x- x y
and intersects the x-axis at the origin and P.

(@  Find the coordinates of the point P.
() Ris the point (0, 2). Find the equation of PR.
() Theline and the parabola also intersect at Q. Find the

coordinates of Q.

:..:ﬂl-
=y

m=—%

s Y= --&x+2

(e %
. 4x—12=2-1}x

e.g. 2x2 - 9x+4=0
x=-%,:c=d
4 s}

or y-2=-1(x-0)
or y—ﬂz—%—{x~4}

Part | Marks | Level | Calc. | Content Answer U2 OC1
(a) 2 C NC | A6 1999 P2 Q4
(b) 2 C NC | G3
() 4 C NC | A23

@ o ax-x*=0 stated or implied by **

2 (4,0

(b) 3

Page 18
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31.

The diagram shows the plans for a proposed new racing circuit.

The designer wishes to introduce a slip road at B for cars wishing

to exit from the circuit to go into the pits. The designer needs to 4
ensure that the two sections of road touch at B in order that A

drivers may drive straight on when they leave the circuit.

Relative to appropriate axes, the y=-4x-3
part of the circuit circled above is
shown below. This part of the
circuit is represented by a curve ﬁ%ﬁ?sm
with equation y=5- 2’ - !
and the proposed slip road is :
represented by a straight line
with equation y=-4x-3.

y:5—2xz—x3

(a) Calculate the coordinates of B. (7

(b) Justify the designer’s decision that this direction for the slip road does
allow drivers to go straight on. (1)

Part | Marks | Level | Calc. | Content Answer U2 OC1

(a) 7 C | NC | A23,A21 1993 P2 Q7

) 1 | A/B | NC | A2

(@ <! equating expressions for y
re-arranging cubic...... =10
«”  strategy for solving cubic

first linear factor

*~  quadratic factor

. x=-2,2

intersection at (- 2, 5)

(® «* doubleroot = tangency or y'(-2)= 4= gradient of line

Questions marked ‘[SQA]" © SQA
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sQal  32. (@) (i) Make a sketch of the graph of y = xa, where -3<x <3, xeR.

(i) On the same diagram, draw the graph of y=6x+1. (3
(b) State the number of roots which the equation ¥ =6x+1 has in the
interval -3<x<3. (1)
() Calculate the value of the positive root, correct to 3 significant figures. (4)
Part | Marks | Level | Calc. | Content Answer U2 0C1
(a) 3 C NC | CGD 1989 P2 Q3
) 1 C | NC | CGD
© 1 C | NC | A26
(© 3 A/B | NC | A26

@ o suitable choice of scales
. sketc.hofy:xs from x=-3tox=3
o sketchofy=6x+1 from x=-3tox=3

(b) o 3 roots

©  &® 1stestimate: between 2 and 3
. 2nd estimate: between 2.5 and 2.6
*  3rd estimate: between 2.53 and 2.534
« 253

[END OF PAPER 1 SECTION B]
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[SQA] 1.

(i) Write down the condition for the equation ax?> + bx +c = 0 to have no real
roots.

(ii) Hence or otherwise show that the equation x(x + 1) = 3x — 2 has no real

roots.
Part | Marks | Level | Calc. | Content Answer U2 OC1
3 C CN | A17 1999 P1 Q8
o B2 —dac=0
o2 32 46x49=0
@ 1% -4ac=36-36=0 OR « (x+3)x+3)=0 sorootsare -3, 3

[sQa] 2. Show that the roots of the equation (k — 2)x? — (3k — 2)x + 2k = 0 are real.

Part | Marks | Level | Calc. | Content Answer U2 0OC1
1 C CN | A17
3 A/B | CN | A17

* yse discriminant A
o A=(3k-2%_8kk—-2)
o A =I¢2 +4k+4

1990 P1 Q18

. (k+2}220 50 roots real
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3. (@) The point A(2, 2) lies on the parabola
y::xz +pxd-q.
Find a relationship between p and g.

Quest

(0

A2,2)

(b)) The tangent to the parabola at A is the line ¥ = x. Find the value of p.

Hence find the equation of the parabola.

(6)

(c) Using your answers for p and g, find the value of the discriminant of
x* + px + g = 0. What feature of the above sketch is confirmed by this
value ?

)

Part

Marks | Level | Calc. | Content

Answer

U2 0C1

(@)

1 C CN | A6

1994 P2 Q9

(b)

C CN | ¢4, CGD

(b)

(©

2
4 A/B | CN | C4,CGD
2 A/B | CN | A17

(a)

(&)

@

1

2p+g=-2

strategy

Zx+p

gradient = 1, orequivalent
4+p

p=-3

q=4

A==7

=7 means no roots

Page 22
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sQal 4. The roots of the equation (x —1)(x + k) = —4 are equal.
Find the values of k.

Part | Marks | Level | Calc. | Content Answer U2 OC1
1 C CN | A18 1995 P1 Q20
4 A/B | CN | Al8 k=-5,3

o P ikr-x+4-k=0
Z B -dac=0

S (k=17 -4(4-k)

& KPe2k-15=0

o k=-5 k=3
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a b
SQAl . An array of numbers such as [ .:i) is called a matrix. The eigenvalues of the matrix
C
a b ; 3
A= [c d} are defined to be the roots of the equation (4 —x)(d —x) - bc=0-
_ ) 1 3
ExamrLe | In order to find the eigenvalues of the matrix B= 4 2
solve (1-x)}2-x)-4x3=0
solution: 2-3x+x°-12=0
¥ -3x-10=0
(x+2)(x-5)=0
x=-2o0r x=5
so the eigenvalues of B are -2 and 5
: : f3 4
(@) Find the eigenvalues of C= > 5] (3)
. Fi
(b) Find the value of t for which the eigenvalues of the matrix D = [t o J areequal.  (5)
Part | Marks | Level | Calc. | Content Answer U2 0C1
(@) 3 C | CN | CGD 1993 P2 Q4
) 5 C | CN | A18,CGD

(a)

[t

o (3-x)(5-x)-2x4=0
o ¥ _gxr7-0

. eigenvaluesare 1, 7

o B-x)f1-x)+t=0

¢ K —4x+(3+H=0

* A=0for equal roots or equiv.

o A=16-4x1x(3+1) orequiv.

& =1

Page 24
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[sQa] 6. Show that the equation (1 — 2k)x? — 5kx — 2k = 0 has real roots for all integer

values of k.
Part | Marks | Level | Calc. | Content Answer U2 OC1
5 A/B | CN | A18, A16, CGD | proof 2002 P2 Q9
o! ss: know to use discriminant o! discriminant = ...
¢’ ic: pick out discriminant o2 disc = (—5k)? — 4(1 — 2k)(—2k)
¢’ pd: simplify to quadratic o 9k% + 8k
e ss: choose to draw table or graph o' e.g. draw a table, graph, complete
o> pd: complete proof using disc.> 0 the square
¢ complete proof and conclusion
relating to disc.> 0
sQa] 7. The diagram shows a sketch of a YA
parabola passing through (—1,0), 0, p)

(0,p) and (p,0).
(a) Show that the equation
of the parabola is

_ 2 (=L,0) (p,0)
y=p+(p—1)x —x=. 5 N
(b) For what value of p will the line
y = x -+ p be a tangent to this
curve?

Part | Marks | Level | Calc. | Content Answer U20C1
(a) 3 A/B | CN | A19 proof 2001 P2 Q11
) 3 | A/B | CN | A24 2

! ss: use astandard form of parabola ol y=k(x+1)(x—p)
o? ss: use 3rd point to determine k o2 k = —1 with justification (i.e.
3 pd: complete proof substitute (0, p))
. o ¢} y=—1(x+1)(x — p) and complete
o* ss: equate and simplify to zero
¢° ss: use discriminant for tangency ot X2+ 2x—px=0
® pd: process o b2 —dac=(2-p)?>=0
or(2—p)2—4x0=0
o p=2
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sQa] 8. (a) Given that x + 2 is a factor of 2x3 + x% + kx + 2, find the value of k.

(b) Hence solve the equation 2x3 + x% + kx +2 = 0 when k takes this value.
Part | Marks | Level | Calc. | Content Answer U2 OC1
(a) 3 C | CN | A21 k=-5 2001 P2 Q1
(b) 2 C CN | A22 x=-2,3,1

ol ss: use synth division or Vf(=2) =2(=2)3+--
f (evaluation) 2 2(=2)3 4 (=2)2 -2k +2
o’ pd: process 5 k=-5
o3 pd: process
pe P ot 2x2 —3x +1 or 2x* +3x — 2 or
o ss: find a quadratic factor x> +x—2
¢® pd: process ® 2x—1)(x—1)or (2x —1)(x +2) or
(x+2)(x—1)
and x = —2,1,1
sQal 9. The diagram shows part of the graph of the Y
curve with equation y = 2x3 — 7x? 4 4x + 4. y=f(x)

(a) Find the x-coordinate of the maximum
turning point.

(b) Factorise 2x3 — 7x% + 4x + 4.

(c) State the coordinates of the point A and A .
hence find the values of x for which [ O (2,0) x
2x3 —7x% +4x +4 < 0.

Part | Marks | Level | Calc. | Content Answer U2 OC1
(a) 5 C NC | C8 x=3 2002 P2 Q3
) 3 C | NC [A21 x—2)2x+1)(x —2)

(©) 2 C | NC | A6 A(—3,0),x < -1
o' ss: know to differentiate ol fl(x)=...
o2 pd: differentiate o2 6x2 —14x +4
o3 ss: know to set derivative to zero 3 6x2—14x+4=0
e pd: start solving process of equation ot Bx—1)(x—-2)
o> pd: complete solving process © x=1

ss: strategy for cubic, e.g.
division

7 ic:  extract quadratic factor
8 pd: complete the cubic factorisation

synth.

o’ ic: interpret the factors
ic:  interpret the diagram

2 -7 4 4
o/ 2x2 _3x—2

o8 (x—2)2x+1)(x —2)

.9 A(_%/ O)

10 _1
x < —35
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10. Find p if (x + 3) is a factor of x*> — x> + px + 15.

Quest

Part | Marks | Level | Calc. | Content Answer U2 OC1
3 C CN | A21 1990 P1 Q1
o strat: e.g. find f(-3)
Z f-3)=0
-3 Fl — —-?

Find the values of p and gq.

11. When f(x) = 2x* — x® + px? + gx + 12 is divided by (x — 2), the remainder is 114.
One factor of f(x) is (x+1).

Part | Marks | Level | Calc.

Content

Answer

U20C1

5 C CN

A21

1991 P1 Q6

o f(2)=114
o f-1=0

» 4p+2g=78
* p-q=-15

. p:ﬁrq=23-
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12.  The function f, whose incomplete graph
is shown in the diagram, is defined by
f=x* -2 +2¢-1.
Find the coordinates of the stationary

Quest

o, -
points and justify their nature. \/ X (8)
Part | Marks | Level | Calc. | Content Answer U2 0C1

8 C CN | A21,C8 1993 P2 Q1
! for knowing to differentiate
2 =4 -6 +2
> for putting ffx)=0
A for factorising or checking zeros
S x= —%, x=1
b y= -—% , y=0
g completed nature table
¥ g3 -3 s-3l<1 1 51
fx)|-ve O +pe +ve 0 +ve
% — & ;S =
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sQa]  13. The diagram shows a sketch of the Y4
graph of y = x% — 3x? + 2x. y = x3 — 322+ 2x

(@) Find the equation of the
tangent to this curve at the
point where x = 1. 0O

(b) The tangent at the point (2,0) \/ x
has equation y = 2x — 4. Find
the coordinates of the point
where this tangent meets the
curve again.

Part | Marks | Level | Calc. | Content Answer U20C1
(a) 5 C | N |[C5 x+y= 2000 P2 Q1
® | 5 C | CN | A23 A22,A21 | (—1,-6)

ol ss: know to differentiate ol Yy =...
o’ pd: differentiate correctly o’ 3x2 —6x +2
¢’ ss: know that gradient = f/(1) Y1) =-1
o' ss: know that y-coord = f(1) ot y(1) =
¢® ic: state equ. of line @ y—0=-1(x—1)
% ss:  equate equations o 2x —4 =x%—3x% 4 2x
¢’ pd: arrange in standard form o/ X3 -3x2+4=0
% ss: know how to solve cubic -1 =3 0 4
o’ pd process o3 e e e
¢! ic: interpret B
¢’ identify x = —1 from working
10 <_1’ —6)
[END OF PAPER 2]
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GCC Vectors

1. ABCD is a quadrilateral with vertices A(4,—-1,3), B(8,3,—1), C(0,4,4) and
D(—4,0,8).

(a) Find the coordinates of M, the midpoint of AB.
(b) Find the coordinates of the point T, which divides CM in the ratio 2 : 1.

(c) Show that B, T and D are collinear and find the ratio in which T divides BD.

2. A cuboid crystal is placed relative to the coordinate axes as shown.

(@) Write down BC in component form.

(b} Calculate 1B_)C| i

3. Aisthe point {(-3.24rand Bis (-1,3,2). Find

-
(@) the components of vector AB;
() thelength of AB.

4. The diagram shows a point P with coordinates (4, 2, 6) “y P (4,2, 6)
and two points 5 and T which lie on the x-axis. f P is7
units from 5 and 7 units frem T, find the coordinates of
Sand T. y

5. Vectors p, g and r are defined by
p=i+j-k g=i+4k and r=4i-3}.
{a) Express p—-g + 2r in component form.
(b) Calculate p.r
{©) Find frl.
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6. Theline AB is divided into 3 equal parts by the AG,-1,2)

7.

points C and D, as shown. A and B have coordinates c
(3,-1,2) and (9,2, -4).

- -
() Find the components of AB and AC.

B2, -4
(b} Find the coordinates of C and D.

[ ]

Relative to a suitable set of co-ordinate axes with a scale of 1 unit to 2
kilometres, the positions of a transmitter mast, ship, aircraft and satellite dish

are shown in the diagram below. R (7,—4,7.5)
TR,
T (0,0,0) = = _ Ca440)
=4

e e e R i T 7
— — -
-~ - ~
| &
N\ B (5,5,-0.5)
The top T of the transmitter mast is the origin, the bridge B on the ship is the

point (5, 5, -0-5), the centre C of the dish on the top of a mountain is the point
(14, 4, 1) and the reflector R on the aircraft is the point (7, -4, 7:5).

(a) Find the distance from the bridge of the ship to the reflector on the

aircraft. (3)
(b) Three minutes earlier the aircraft was at the point M(-2, 4, 85). Find the

speed of the aircraft in kilometres per hour. (2)
(c) Prove that the direction of the beam TC is perpendicular to the direction

of the beam BR. (3)
(d) Calculate the size of angle TCR. (5
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8.

9.

With coordinate axes as shown, the

point A is (2,4,6). & A(2,4,6)
(@) Write down the coordinates of 6

B,C and D. . (3)
(b) Show that C is the midpointof 4

AD. M

3

(c) By using the components of 2

the vectors OA and OB 1

calculate the size of angle

AOB, where O is the origin. o (4)
(d) Hence calculate the size of

angle OAB. (2)

The first four levels of a stepped pyramid with a square base are shown in
Diagram 1.

| /

.....
........

........

Diagram 1 Diagram 2

Each level is a square-based cuboid with a height of 3 m. The shaded parts
indicate the steps which have a “width” of | m.

The height and “width” of a step at a corner are shown in the enlargement
in Diagram 2.

With coordinate axes as shown and 1 unit representing 1 metre, the
coordinates of P and A are (12, 0, 0) and (24, 0, 0).

(a) Find the coordinates of Q and R. (2)
(b) Find the sizc of angle QPR. )]
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10 'y
15QA) A triangle ABC has vertices § a(3: 6. 5)

A (2,-1, 3),B(3, 6, 5) and C (6, 6, -2).

) = - s
(2) Find AB and AC. R O (2)
(b) Calculate the size of angle BAC. ey AP R RN S (5)
(¢) Hence find the area of the triangle. &-1,3) S 2)
C(6,6,-2)
0
X

sQa]  11. A box in the shape of a cuboid @

is designed with circles of different
sizes on each face.

The diagram shows three of the
circles, where the origin represents
one of the corners of the cuboid. The Zp
centres of the circles are A(6,0,7),
B(0,5,6) and C(4,5,0).

Find the size of angle ABC.
O >
Yy
X
sQa] 12, The vectors p, g and r are defined as follows:
p=3i—-3j+2k,q=4i —j+k, r=4i —2j+3k.
(@) Find 2p — g +r interms of i, j and k. 1
(b) Find the value of [2p — g + r|. 2
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50l 13.  yABCDisa pyramid with rectangular base ABCD.
The vectors XB .:’:D and A_‘V are given by
AB = 8i+2j + 2k
Jﬁ]' =-2i+10j-2k and
A_'V =i+7f+ 7k

-
Express CV in component form.

(sQa]  14. The vector ai + bj + k is perpendicular to both the vectors i — j + k and
—2i+j+k.

Find the values of a and b.

(sQa]  15. Calculate the length of the vector 2i — 3j + 1/3k.

sQa]  16. Show that the vectors a = 2i +3j — k and b = 3i — j 4 3k are perpendicular.

sQA]  17. The position vectors of the points P and Q are p =—i+3j+4k and g =Ti— j+ 5k respectively.

(ay Express P_é in component form.
{b} Find the length of PQ.

sQa]  18. The vectors 4, b and ¢ are defined as follows:
a=2i-k, b=i+3j+k e=—j+k.
{g) Evalvate a.b+a.c.

() From your answer to part (), make a deduction about the vector b +c.
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SQAL 19 BeDERGH is a cuboid.

K lies two thirds of the way along HG.
(i.e, HKKG = 2:1).

L lies one quarter of the way along FG.
(i.e. FL.LG = 1:3).

AB, AD and AE can be represented by the vectors

3) (-8 1
4 | and | -3 | respectively.
4 5

w O

-—’
(@)  Calculate the components of AK .
(h)  Calculate the components of AL.
{c} Calculate the size of angle KAL.

-3 1

sea] 20. Ifu=| 3 | and v = | 5 |, writedown the componentsof u + v and u — v.
3 -1

Hence show that # + v and u — v are perpendicular.

(sQa]  21. A cuboid measuring 11 cm by 5 cm by 7 cm is placed centrally on top of another
cuboid measuring 17 cm by 9 cm by 8 cm.

Coordinates axes are taken as shown.

ZA

= B

A

O

(@) The point A has coordinates (0,9,8) and C has coordinates (17,0, 8).
Write down the coordinates of B.

(b) Calculate the size of angle ABC.
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sQa]  22. The diagram shows a square-based
pyramid of height 8 units.

Square OABC has a side length of 6 units.

The coordinates of A and D are (6,0,0)
and (3,3,8).

C lies on the y-axis.

(a) Write down the coordinates of B.

(b) Determine the components of DA
and DB.

(c) Calculate the size of angle ADB.

23. D,OABC is a square based pyramid as shown in the diagram below.

D(2, 2, 6)

o/ L

M A

O is the origin, D is the point (2,2,6) and OA = 4 units.

M is the mid-point of OA.
(a) State the coordinates of B.

(b) Express DB and DM in component form.

(c) Find the size of angle BDM.

Page 7

“ D(3,3,8)
y
C B
0 \/ N 1
A(6,0,0) x
2
4
B
X
1
3
5
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24. The diagram shows a cuboid OPQR,STUV relative to the coordinate axes.

zu

P is the point (4,0,0), Q is (4,2,0)
and Uis (4,2,3).

M is the midpoint of OR.

N is the point on UQ such that S
UN = 30Q. L Q2,0

U423
N
ok

=Y

P (4,0,0)

(a) State the coordinates of M and N. 2

(b) Express the vectors VM and VN in component form. 2

(c) Calculate the size of angle MVN. 5

sQal  25. (a) Roadmakers look along the tops of a set C
of T-rods to ensure that straight sections
of road are being created. Relative to
suitable axes the top left corners of the
T-rods are the points A(—8,—10,—-2),
B(—2,—1,1) and C(6,11,5).

Determine whether or not the section of

road ABC has been built in a straight line. 3
(b) A turther T-rod is placed such that D has
coordinates (1, —4,4).
Show that DB is perpendicular to AB. 3
[sQA]  26. (a) Show that the points L{-5, 6, -5), M(7, -2, -1} and N(10, -4, 0) are collinear. 4
(b) Find the ration in which M divides LN. 1
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77 Relative to the top of a hill, three gliders have positions
given b}' R(""'}j -BJ _2}1 S{zf -51 4) and T{al _4t 6)'
Prove that R, S and T are collinear.

[SQA]

sQa]  28. Relative toa suitable setof axes, the tops of three chimneys have coordinates
given by A(l, 3, 2), B(2, -1, 4) and C(4, -9, 8).
Show that A, B and C are collinear.

sQal  29. Show that P(2,2,3), Q(4,4,1) and R(5,5,0) are collinear and find the ratio in
which Q divides PR.

seal - 30. A is the point (2,—-5,6), Bis (6,—3,4) and Cis (12,0,1). Show that A, B and C
are collinear and determine the ratio in which B divides AC.

seal - 31. D, E and F have coordinates (10, —8, —15), (1, —2, —3) and (—2,0,1) respectively.
(@) (i) Show that D, E and F are collinear.
(i) Find the ratio in which E divides DF.

(b) G has coordinates (k,1,0).
Given that DE is perpendicular to GE, find the value of k.

sQal  32. The point Q divides the line joining P(—1, —1,0) to R(5,2, —3) in the ratio 2 : 1.
Find the coordinates of Q.

[sQa]  33. Anaircraft flying at a constant speed on a straight flight path takes 2 minutes to fly
from A to B and 1 minute to fly from B to C. Relative to a suitable set of axes, A is
the point (-1, 3, 4) and B is the point (3, 1, -2). Find the co-ordinates of the point C.
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sQa]  34. (@) Relative to mutually perpendicular axes Ox, Oy and Oz, the vertices of
triangle ABC have coordinates A(9, 9, 24), B(27, 3, 0) and C(3, 27, 0). M is the
mid-point of AC.
Find the coordinates of G which divides BM in the ratio 2:1. (3)
(b) Calculate the size of angle GOA. (5)

a3

-4
C@3,27,0
B(27,3,0)
S0Al 30 pelative to the axes shown and with an 1 Y
appropriate scale, P(-1, 3, 2) and
Q(3, 0, 5) represent points on a road. The R
road is then extended to the point R such P Q
e N W
that PR = 5 PQ.
O X
(@) Find the coordinates of R, (3)
zZJ ¥
(b) Roads from P and R are built to . SO
meet at the point S (-2, 2, 5). o ey >
Calculate the size of angle PSR. [ (7)
0 X
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(sQal - 36. VABCD is a pyramid with a rectangular base ABCD.

Relative to some appropriate axes, \Y%

—
VA represents —7i — 135 — 11k

—
AB represents 6i 4+ 6j — 6k D C
H . . 3
AD represents 8i —4j + 4k. 1
K divides BC in the ratio 1 : 3. A
—
Find VK in component form.
(sQa] 37. Thediagram shows two vectors aand b, with tal =3and 1b] =22
These vectors are inclined at an angle of 45° to each other.
(@) Evaluate G} aa %
(i bb
(i) ab /s
()  Another vector p is defined by p = 2a + 3b. b

Evaluate p.p and hence write down Ip1.

[SQA]  38. In the square-based pyramid, all the eight edges
are of length 3 units.

Ly ~3 —
AV=p, AD=q, AB=r.
Evaluate p.q+r).

(sQal  39. PQRisan equilateral triangle of side 2 units. Q
-3 r -
PQ=a, PR=b and QR=c.
Evaluate @.(b+ ¢) and hence identify two vectors
which are perpendicular. ¢

b
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40.

41.

42.

43.

t 2
For what value of t are the vectors u = | =2 | and v = | 10 | perpendicular? 2
3 t

A(4,4,10), B(—2,—4,12) and C(—8,0,10) are the vertices of a right-angled
triangle.

Determine which angle of the triangle is the right angle. 3
1 —4
Find the value of k for which the vectors | 2 | and 3 are perpendicular. 3
-1 k—1

Diagram 1 shows a christmas tree decoration which is made of coloured glass
rods in the shape of a square-based prism topped by a square pyramid. Diagram
2 shows the decoration relative to the origin and rectangular z4

coordinate axes OX, OY andOZ. ... - iV (1,1,3)
3 : i R
5 Bt A y
The vertex F has position vector E e B
-7) i
1 : 7em
and the vertex V has position vector .
3 :
\ :
; D o
| M N
2 em E F2,2,-7)
Diagram 1 Diagram 2
(@) Find
- 3
(i)  the components of the vectors represented by VF and VE;
(ii) the size of angle EVF. (7)
(b) To make the decoration more attractive, triangular sheets of coloured glass
VEF and VDG are added to it.
Calculate the area of the glass triangle VEF. (3)
44. The diagram shows representatives of two vectors, a and b, inclined at an
angle of 60"
Iflal =2and |bl =3, evaluate a (a+b) a 3
60°
-
b
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sQa]  45. Vectors p, g and r are represented A B
on the diagram shown where angle
ADC = 30°. 1 .
It is also given that |p| = 4 and |q| = 3. 500 .
(a) Evaluate p.(q +r)and r.(p — q). D b C

(b) Find |g + r| and |p — q].

[SQA] 46. The sides of this equilateral triangle are 2 units long
and represent the vectors a, b and cas shown.
Evaluate a{a+b+c).

o
e

[sQA] 47. The diagram shows a right-angled isosceles triangle whose sides are
represented by the vectors 4, band ¢.
The two equal sides have length 2 units. b 3
Find the value of b {a+ b +¢)

[5QA]  48. A is the point (2,-1,4), Bis (7,1,3) and Cis (6,4, 2). If ABCD 5
is a parallelogram, find the coordinates of D. B

sQal - 49. PQRS is a parallelogram with vertices P(1,3,3), Q(4, —2, —2) and R(3,1,1).

Find the coordinates of S.

[END OF QUESTIONS]
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Quest

1. ABCD is a quadrilateral with vertices A(4,—1,3), B(8,3,—1), C(0,4,4) and
D(-4,0,8).

2.

(a) Find the coordinates of M, the midpoint of AB. 1
(b) Find the coordinates of the point T, which divides CM in the ratio 2 : 1. 3
(c) Show that B, T and D are collinear and find the ratio in which T divides BD. 4
Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 1 C | CN | G6,G25 1989 P2 Q2
) 3 C | CN | G25
© 4 C | CN | G23,G25
1 — (-4
(@ « (6,11 @ B g BT=| 1
\ 3
6
2 v =
® o eg CM=-3 ¢ TD=|-2|=2xBT
_3 A
4
2 o 7 TDis parallel to BT, T is common point so B, T, D collinear
s 4 BLTD=1:2
o T=(4,2,2

A cuboid crystal is placed relative to the coordinate axes as shown.

-3
(@) Write down BC in component form.

(b) Calculate 13_)C| i

Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 1 C CN | G16 1990 P1 Q5
(b) 1 C CN | Gl16

4
o BC=|2

-3

Page 1
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[SQA] 3. Aisthe point (-3,24}and Bis (-1,3,2). Find

-
(@) the components of vector AB;
() thelength of AB.

Quest

Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 1 C | CN [ G16 1993 P1 Q1
(b) 2 C CN | Glé6

2

-1 1

=2

b J(T-3+'i)2 + (2-3)° + (4-2)°
¢3 3

[SQA] 4. The diagram shows a point P with coordinates (4, 2, 6) “y P42 6)

and two points 5 and T which lie on the x-axis. f P is7

units from 5 and 7 units frem T, find the coordinates of

Sand T.

§ S T
Part | Marks | Level | Calc. | Content Answer U3 0C1
3 A/B CN | G16 1994 P1 Q18
o' (%,0,0) orequiv. OR « PQ=440 OR & Pty
2
o (x—-4)*+4+36=49 orequiv. " =3 ? d=3
3 < 1,00, 7,00 3 (1,0,0, 7,00

. x=1, 7

Page 2
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5. Vectorsp, g and r are defined by
p=itj-k g=i+4k and r=4i-3}

(@) Bxpress p—-g + 2r in component form.

(p) Calculate p.r

() Find frl.

Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 2 C CN | G16 1998 P1 Q3
(b) 1 C CN | G26
(c) 1 C CN | Gl6

1 1 4
dop=| L L g=|0] r=| 3] i by S 1
-1 4 0
8 -4 5
ot -5
5

The line AB is divided into 3 equal parts by the AG-1.2)

points C and D, as shown. A and B have coordinates c

(3,1, 2Yand (Y, 2, -4).

- —

(@) Find the components of AB and AC. B2 -4

(b} Find the coordinates of C and D. =

Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 2 C | CN [ G16 1998 P1 Q5
(b) 2 C CN | Gl6

1 o i
. AB= 35 '3 C={5,B,0}
T 4
. o D=({71,-2)
o Ac=|1
-2
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Higher Mathematics

Quest

7. Relative to a suitable set of co-ordinate axes with a scale of 1 unitto 2
kilometres, the positions of a transmitter mast, ship, aircraft and satellite dish

R(7,—4,7.5)

are shown in the diagram below.

T (0,0,0)

— ——

——_ CQ440)

The top T of the transmitter mast is the origin, the bridge B on the ship is the
point (5, 5, -0-5), the centre C of the dish on the top of a mountain is the point

(14, 4, 1) and the reflector R on the aircraft is the point (7, -4, 7:5).

(a) Find the distance from the bridge of the ship to the reflector on the

aircraft. 3
(b) Three minutes earlier the aircraft was at the point M(-2, 4, 85). Find the
speed of the aircraft in kilometres per hour. (2)
(c) Prove that the direction of the beam TC is perpendicular to the direction
of the beam BR. (3)
(d) Calculate the size of angle TCR. (5
Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 3 C CR | Gl6 1992 P2 Q2
(b) 2 C CR | Gl6
© 3 C | CR |G
(d) 5 C CR | G28
(a) ! Strategy: use vectors or 3-D distance formula
2
. y S FIOL |,
.2 BR=|7| or BR"=2"+7"+4 (d) +7  Strategy: know to use
; e
*3  answer cosTCR = chi RQ equiv.
- 12 5
() 4 |MRI|=+11525 or equivalent 0 Te=l-a| and RE=|—6
*5  answer 1 )
o1l
(¢) *® know to use a scalar product 5 1'161 _a:nd Y65
o
PR - TC.RC =82
TC . BR = 0 ‘1_3 ab.?p

«8  communication: 0 ¢ perpendicularity
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Quest

8. With coordinate axes as shown, the
point A is (2,4,6). ye Baadad
(a) Write down the coordinates of 6
B,C and D. . (3)
(b) Show that C is the midpointof 4
] (1
AD 3 )
(c) By using the components of 2
the vectors OA and OB 1
calculate the size of angle
AOB, where O is the origin. 0 ~ 4)
R d
(d) Hence calculate the size of P ~ P
angle OAB s @)
6\

Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 3 C CR | G16 1994 P2 Q3
) 1 C | CR | G25
©) 4 C | CR | G28
) 2 C | CR |CGD
(@ «  OneofB,C orD

> Remaining two of B, Cand D
> B(6,4,2), C(43,4), D(622)
R
5 OA.OB  OA’+0B" - AB"
) = cos AOB = L or equivalents
|OA 1 OBI SOl
f o il < 2
'  OA.OB=40 or AB =32
7 OA=A56= @ o strategy: e.g. use isosceles A
IB 440 .10 ﬁan
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The first four levels of a stepped pyramid with a square base are shown in
Diagram 1.

| /

[SQA] 9.

......
......
......
........

........

Diagram 1 Diagram 2

Each level is a square-based cuboid with a height of 3 m. The shaded parts
indicate the steps which have a “width” of | m.

The height and “width” of a step at a corner are shown in the enlargement
in Diagram 2.

With coordinate axes as shown and 1 unit representing 1 metre, the
coordinates of P and A are (12, 0, 0) and (24, 0, 0).

(a) Find the coordinates of Q and R. (2)
(b) Find the sizc of angle QPR. 7
Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 2 C CR | Gl6 1996 P2 Q3
(b) 7 C CR | G28
@ J o= (2,2,9)
2

o R=(21,3,12)

11 ms&=ﬁ with some subsequent use

eg cosQPR = i-fr—'—’-’_—f—

IPQIPRI
-10 9
— -
o po=| 2 ° PR=| 3
9 12
_}
® 1POK 185
—
o |PRI=+234
§ 5?
« PQ.PR=24
o QPR=83.4'
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10.

Quest

A triangle ABC has vertices a(3: 6. 5)
A(2,-1,3),B(3,6,5) and C (6, 6,-2).
L fax
(a) Find AB and AC. an e AR (2)
(b) Calculate the size of angle BAC. ey AP R RN S (5)
(¢) Hence find the area of the triangle. G S 2)
C(6,6,-2)
0
X
Part | Marks | Level | Calc. | Content Answer U3 0OC1
(@) 2 C | CR |Gl6 1998 P2 Q1
© | 5 CR | G28
o 2 CR | CGD

C

C
1

(@ ' Ap- ?J
\2

4

']
I
=
Il

F
k.-.5

- -

o' AB.AC=4+49-10
—

o AB=+54
—

o AC=+f0

A
* BAC=51-9

-3 =
B @ osBAC=_ABAC  stated or implied by

— —
|ABI |AC|  responsesto »* to

(¢) <% identify 2 sides and incdluded angle

e.g. Jﬁ, -Jﬁ, BAC
<’ 27.4
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sQa]  11. A box in the shape of a cuboid @

is designed with circles of different
sizes on each face.

The diagram shows three of the
circles, where the origin represents
one of the corners of the cuboid. The Zp
centres of the circles are A(6,0,7),
B(0,5,6) and C(4,5,0).

Find the size of angle ABC.

@)
X
Part | Marks | Level | Calc. | Content Answer U3 0C1
5 C CR | G17,G16, G22 2001 P2 Q4
2 A/B | CR | G26,G28 71-5°
ol ss: use BABC ol use BABC  gpped or implied by o’
IBA|[BC] . [BA|[BC]
o’ ic: state vector e.g. BA N 6
3 . . v o2 BA=| -5
e’ ic: state a consistent vector e.g. BC
4 BA 1
o* pd: process |BA|
5 nd: B_(f‘ — 4
. p : process | S BC= | 0o
07 pg. If:?rc;cess slcalar product _6
. : find angle
P & o [BA| = V62
=
o’ ‘B ’ = /52
— —
6 BA.BC =18
7 ABC =715°
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sQa] 12, The vectors p, g and r are defined as follows:

(@) Find 2p — g +r interms of i, j and k.

Quest

p=3i—3j+2k qg=4i—j+k, r=4i —2j+3k.

(b) Find the value of 2p — g + r|.

3

11

S S

Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 1 C | CN | G18 1989 P1 Q3
(b) 2 C CN | Glé6
o Gi-7j+6k

501 13. yABCDisa pyramid with rectangular base ABCD.

- = —n .
The vectors AB, AD and AV are given by

o
AB=8i+2j+2k
AD =-2i +10j-2k and
A_’V =i+7f+ 7k

—
Express CV in component form.

—
or BA=-Bi-2j-2k

—
or AC=6i+12j

Part | Marks | Level | Calc. | Content Answer U3 0C1
3 @ CN | G18 1999 P1 Q6
1 - = = -
e pathway for CV: CV =CA+ AV 4 -5
- . -5
o’ g CB=2i-10j+2k .
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Quest

14. The vector ai + bj + k is perpendicular to both the vectors i — j + k and

—2i+j+k.

Find the values of a and b.

Part | Marks | Level | Calc. | Content Answer U3 0C1
3 C CN | G18 a=2,b=3 1990 P1 Q12
alf 1 a\f—2
o bll<1|=a—-b+1 or (&l 1 |=-2a+b+1
141 1h1
o a-b+1=0 or ~2a+b+1=0
|3 a="2 gnd b=3
15. Calculate the length of the vector 2i —3j + V3k.
Part | Marks | Level | Calc. | Content Answer U3 0C1
2 @ CN | G18 4 1995 P1 Q1

(2437 +(3)  stated or implicd by +2

-2 4

16. Show that the vectors a = 2i +3j — k and b = 3i — j 4 3k are perpendicular.

Part | Marks | Level | Calc. | Content Answer

U3 0C1

3 C CN | G18, G27 ab=--

=0 1991 P1 Q3

o sfrat: ab=.........

o ab=0= perpendicularity explicitly stated

2\(3
& | 8l |=6=8-3=0
1)l 3

Page 10
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Quest

17. The position vectors of the points Pand Qare p=—i+3j+4k and g =7i— j + 5k respectively.

[SQA]
(m) Express P_é in component form.
(b} Find the length of PQ.

Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 2 C CN | G18,G16 1997 P1 Q4
(b) 1 C CN | Gl6

1 ¥ 8
. q—p:&f“‘!_f‘Fk e Q=4
-1 7 1
or p=|3 | g=|-1 2 9
4 5
sQa]  18. The vectors a, b and ¢ are defined as follows:
a=2i-k, b=i+2j+k c=—fj+k.
{2) Evalvate a.b+a.c.
(k) From your answer to part (g), make a deduction about the vector b + ¢.
Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 3 C CN | G18, G26 1993 P1 Q12
) 2 A/B | CN | G27
2 1 0

o a=|o|b=|2]|c=| ! abtac=alb+q)
-1 1 1 o alb+c

o ab=1

*" ac=-1
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ABCDEFGH is a cuboid.

K lies two thirds of the way along HG.
(i.e, HKKKG = 2:1).

L lies one quarter of the way along FG.
(i.e. FL:.LG = 1:3).

AB, AD and AE can be represented by the vectors

3y (-8 1
6 4 | and | -3 | respectively.
3/l 4 5

-—’
(@)  Calculate the components of AK .
(h)  Calculate the components of AL.
{c} Calculate the size of angle KAL.

Quest

Page 12

Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 2 C | cN [ G20 1999 P2 Q3
(b) 2 @ CN | G20
(©) 5 @ CN | G28
2 - =
5 1 K.AL
K ! obtaining for example | 4 (© o strategy eg. cos KAL=igtun
2 ¢ 109
L[S o 171
'2 AK= 5 .3 ”'Im_
B o A=340
OR
-2
(1) «3 obtaining for example| 1 .
¢ | 5 ¢ strategy .. cosKAL = AK LACKE
) o5 ‘v'5—4
Sy 7 i
9 o Jin
o A=340
Questions marked ‘[SQA]" © SQA
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Quest

-3 1
sea] 20. Ifu=| 3 | and v = | 5 |, writedown the componentsof u + v and u — v.
3 -1

Hence show that u + v and u — v are perpendicular.

Part | Marks | Level | Calc. | Content Answer U3 OC1
3 C CN | G20, G27 1994 P1 Q7
) -4
o u+v=! 8 | and u-v=|-2
2 4

*°  (u+v)(u-v)=8-16+8

(u+v)u-v)=0 sou+vand u-vare perpendicular

Questions marked ‘[SQA]" © SQA
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Quest

(sQa]  21. A cuboid measuring 11 cm by 5 cm by 7 cm is placed centrally on top of another

cuboid measuring 17 cm by 9 cm by 8 cm.

Coordinates axes are taken as shown.

ZA
‘ B
C
A
X
y
@)
(@) The point A has coordinates (0,9,8) and C has coordinates (17,0, 8).
Write down the coordinates of B.
(b) Calculate the size of angle ABC.
Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 1 C | CN [G22 B(3,2,15) 2000 P2 Q9
) 6 C | CR |G28 92.5°

el ic: interpret 3-d representation
ss: know to use scalar product
pd: process vectors

pd: process vectors

pd: process lengths

pd: process scalar product

2
3
4
5
6
7 pd: evaluate scalar product

3

15

o' B=(3,2,15) treat (2 ) as bad form

~ TOTe
2 cos ABC = -BA-BC

(14
ot BC= | -2
—7
o5 [BA| = /107, |BC| = v/249
— —
BABC = 7
ABC = 92.5°

Page 14
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Quest

sQa]  22. The diagram shows a square-based 2 D(3.3.8
pyramid of height 8 units. (3,3,8) y
Square OABC has a side length of 6 units.
The coordinates of A and D are (6,0,0)
and (3,3,8). C B
C lies on the y-axis.
(a) Write down the coordinates of B. Q)
— A(6,0,0) x
(b) Determine the components of DA
—
and DB.
(c) Calculate the size of angle ADB.
Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 1 C CN | G22 (6,6,0) 2002 P2 Q2
. 3
() 2 C | CN |G17 DA = -3,
-8
. 3
DB= | 3
-8
© 4 C | CR |G28 38.7°

e ic: interpret diagram

vector

vector

ss: use e.g. scalar product formula
pd: process lengths

pd: process scalar product

pd: process angle

e o o o
NN G

o~ ic:  write down components of a

e’ ic:  write down components of a

N |DA|_\1>DB|
o> |DA| = /82, |DB| = /82
_— =
® DA.DB = 64
7 ADB = 38.7°
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23. D,OABC is a square based pyramid as shown in the diagram below.

Py
D(2,2,6)
A
C B
. ‘ V ‘
1\'/1 X
O is the origin, D is the point (2,2,6) and OA = 4 units.
M is the mid-point of OA.
(a) State the coordinates of B.
— —
(b) Express DB and DM in component form.
(c) Find the size of angle BDM.
Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 1 C CN | G22 (4,4,0) 2011 P2 Q1
. 2\ 0
(b) 3 C CN | G20, G22 DB=| 2 | DM=|-2
—6 —6
(c) 5 C CN | G28 40-3°
ol ic: state coordinates of B o' (4,4,0)
—
2 pd: state components of DB ) -
o3 ic: state coordinates of M | ° 2
¢* pd: state components of DM —6
¢ (2,0,0)
¢° ss: know to use scalar product A 0
® pd: find scalar product ot | 2
¢’ pd: find magnitude of a vector —6
8 pd: find magnitude of a vector o cos BDM — _DB-DM_
o’ pd: evaluate angle BDM _,__, [pElibM|
o DB:DM = 32
o’ |DB| = V44
—
o |DM| = V40
¢’ 40-3° or 0-703 rads

Page 16
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24. The diagram shows a cuboid OPQR,STUV relative to the coordinate axes.

%A
P is the point (4,0,0), Q is (4,2,0) v
and Uis (4,2,3). . U (4, 2,3)
M is the midpoint of OR. i y N
N is the point on UQ such that S : T
1 1
UN = 1UQ. AR S Q(4,2,0)
M
O -
P(4,0,00 *
(a) State the coordinates of M and N.
— —
(b) Express the vectors VM and VN in component form.
(c) Calculate the size of angle MVN.
Part | Marks | Level | Calc. | Content Answer U3 0C1
@ | 2 C | CN | G22,G25 M(0,1,0),N(4,2,2) 2010 P2 Q1
N 0\ _, 4
(b) 2 C | N |G17 VM = (—1) VN = ( 0
-3 -1
(c) 5 C CN | G28 76-7° or 1-339 rad
! ic: interpret midpoint for M ol (0,1,0)
¢’ ic: interpret ratio for N o2 (4,2,2)
o’ ic: interpret diagram e 0
¢ pd: process vectors > VM= [ -1
-3
¢° ss:  know to use scalar product N 4
® pd: find scalar product o VN=1| 0
¢’ pd: find magnitude of a vector -1
% pd: find magnitude of a vector 5 N VM.VN
¢’ pd: evaluate angle *> cosMVN = —
[VM||VN]|
— —
6 VM.VN =3
7 [VM| = /10
M
8 [VN| =17
9 76:7° or 1-339 rads or 85-2 grads
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25.

(@)

(b)

Roadmakers look along the tops of a set
of T-rods to ensure that straight sections
of road are being created. Relative to
suitable axes the top left corners of the
T-rods are the points A(—8,—10,—-2),
B(—2,—1,1) and C(6,11,5).

Determine whether or not the section of
road ABC has been built in a straight line.

A further T-rod is placed such that D has
coordinates (1, —4,4).

Show that DB is perpendicular to AB.

Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) C CN | G23 the road ABC is straight 2001 P1 Q3
(b) C CN | G27,G17 proof

ol ic: interpret vector (e.g. z@)) N 6
¢ ic: interpret multiple of vector ol eg. AB= |9
3 ic:  complete proof 3
— — 8 —
¢! ic: interpret vector (i.e. BD) 2 eg. BC = 12) = 3%AB or
¢° ss: state requirement for perpend. 4
® ic: complete proof

Page 1

or

2 2
— —
AB=3 (3) and BC =4 (3)
1 1

e° a common direction exists and a

common point exists, so A, B, C
collinear

H 3
* BD=| -3
3

o5 @.@:0
o ABBD =18—27+9 =0

o5 ABBD =18 —27+9
— —

6 . . .
gg'BDQ_ue(s)tiso%gA n]?alr S‘(E rﬂ%g]anél%%)tAo
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Quest

26. (@ Show that the points L(-5, 6, -5), M(7, -2, -1} and N(10, -4, 0) are collinear. 4
(b} Find the ration in which M divides LN. 1
Part | Marks | Level | Calc. | Content Answer U3 OC1
(a) 4 C CN | G23 1991 P1 Q7
(b) 1 C CN | G25
12 g = P
J [M=|-g| orequivalent o IM=4MN
4 ) combinations for (a) »*  vectors are parallel and have common
3 pointso L, M, N are collinear
oy
? MN=|-2 ° 4l
1

77 Relative to the top of a hill, three gliders have positions
given by R(-1, -8, -2), 52, -5, 4) and T(3, 4, 6).
Prove that R, S and T are collinear.

Part | Marks | Level | Calc. | Content Answer U3 OC1
3 C CN | G23 1994 P1 Q4
1 K|
1 =2 7 s 3
. ST=|1| orequivalent and RS=|3| orequivalent
2 §

O .
. RS =13ST or equiv.
«> RS // STandSis common.

Questions marked ‘[SQA]" © SQA
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78. Relative to a suitable set of axes, the tops of three chimneys have coordinates
given by A(1, 3, 2), B(2, -1, 4) and C(4, -9, 8).
Show that A, B and C are collinear.

Quest

Part | Marks | Level | Calc. | Content Answer U3 0C1
3 C CN | G23 1997 P1 Q2
1) 2
1 —_ 2 =5 = -
. AB=1- . BC=|-8| AND BC=2xAB
2 4
> ABIIBC & B iscommon hence A, B, C collinear

29. Show that P(2,2,3), Q(4,4,1) and R(5,5,0) are collinear and find the ratio in

which Q divides PR.
Part | Marks | Level | Calc. | Content Answer U3 0C1
4 c | o~ | G23, G625 QR — PQ, | 1990 P1 Q4
PQ:QR=2:1
2) 3 . .
R J;'Q -] 2 | *"  vectors parallel and have pt in common so pts collinear
-3 I o PQ:QR=21
3 1) 4 l equivalent
=1 |

30. A is the point (2,-5,6), Bis (6, —3,4) and Cis (12,0,1). Show that A, B and C
are collinear and determine the ratio in which B divides AC.

Part | Marks | Level | Calc. | Content Answer U3 OC1
4 C CN | G23,G25 2 : 3 or equivalent 1996 P1 Q6
4 10 6
o! ,?B= 2| or £E= 5| or B_(),‘= 3 o AB I1BC and B is point in common
-2 -5 -3
2 o 23 (or equivalent e.g. 1:13)
o X’B =21 | and BTE =3 1 | orequivalent
-1 -1

Questions marked ‘[SQA]" © SQA
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31. D, E and F have coordinates (10, —8, —15), (1, —2, —3) and (—2,0, 1) respectively.

(@) (i) Show that D, E and F are collinear.

(i) Find the ratio in which E divides DF.

(b) G has coordinates (k,1,0).
Given that DE is perpendicular to GE, find the value of k.

Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 4 C CN | G23,G24 3:1 2009 P1 Q22
(b) 4 @ CN | G27 k=7

! ss: use vector approach . -9 . -3
o2 ic: compare two vectors o! DE = 6 | orEF = 2
¢ ic:  complete proof 12 4
o* ic: state ratio o2 2nd column vector and
—
( DE) = 3EF
— —
’2 ss: use vector approach > DE and EF have common point and
¢® ss:  know scalar product = 0 for L common direction; hence D, E and F
vectors are collinear
o/ pd: start to solve ot 3:1
8 pd: complete
1—k
_
¢ GE = -3
-3
— —
¢® DE.GE =0
o/ —9(1—k)+6x(=3)+12x (-3)
o k=7

32. The point Q divides the line joining P(—1, —1,0) to R(5,2, —3) in the ratio 2 : 1.

Find the coordinates of Q.

Part | Marks | Level | Calc. | Content Answer U3 OC1
3 C NC | G25 (3,1,-2) 2002 P1 Q2
! pd: find vector components 6
—
o’ ss: use parallel vectors ol PR= [ 3
% pd: process vectors -3
— —
o> PQ = 3PR
*° Q=(31-2)
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33. An aircraft flying at a constant speed on a straight flight path takes 2 minutes to fly
from A to B and 1 minute to fly from B to C. Relative to a suitable set of axes, A is
the point (-1, 3, 4) and B is the point (3, 1, -2). Find the co-ordinates of the point C.

Part

Calc.

Content

Answer

U3 0C1

CN

G25

1992 P1 Q15

Page 22

Questions marked ‘[SQA]" © SQA
All others (©) Higher Still Notes




Higher Mathematics Quest

[soa] 34. (@

(b)

Relative to mutually perpendicular axes Ox, Oy and Oz, the vertices of

triangle ABC have coordinates A(9, 9, 24), B(27, 3, 0) and C(3, 27, 0). M is the
mid-point of AC.

Find the coordinates of G which divides BM in the ratio 2:1. (3)
Calculate the size of angle GOA. (5)

a3

¥
C(3,27,0)

B(27,3,0)

Part

Marks | Level | Calc. | Content Answer U3 0OC1

(@)

3 C CR | G25 1990 P2 Q4

(b)

5 C CR | G28

(@)

o M=(s, 18, 12)

— -21

e eg. BG=2| 15
.g. 3

12

. G=(13, 13, 8)
-
0A.0G

— ry

I0AI1OG|

o' cosAOG =

9 13

-3 -+
 (DA=|9)|and OG=|13
24 8

- -
o 0DA.0G=426

7 1OA| =738 and 10G| =102
& agse
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35.

Relative to the axes shown and with an
appropriate scale, P(-1, 3, 2) and

Q(3, 0, 5) represent points on a road. The
road is then extended to the point R such

e N W
that PR = 4 PQ.

(@) Find the coordinates of R.

(b) Roads from P and R are built to
meet at the point S (-2, 2, 5).
Calculate the size of angle PSR.

Quest

b4

S .-

(3)

4 ¥

.

. @)

Part Calc. | Content

Answer

U3 0OC1

(@) 3 C | CR | G2

1997 P2 Q2

) 7 C | CR | G28

(a) 6 8

. R=(7.-1,6)

® o 5P.5R=|SP|SR|cos PSR

I L (9

©  sp=|1 ¢ SR=|-3
L 1

o I8P|=+11 o [SR| =01

9 - =

« SP.SR=3

1 pSR=84.6°
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Quest

Higher Mathematics

36. VABCD is a pyramid with a rectangular base ABCD.

Relative to some appropriate axes,

—
VA represents —7i — 135 — 11k

—_
AB represents 6i 4+ 6j — 6k D C
H . . 3
AD represents 8i — 4j + 4k. \%
K divides BC in the ratio 1 : 3. A B
Find VK in component form.
Part | Marks | Level | Calc. | Content Answer U3 OC1
1
3 C CN | G25,G21, G20 -8 2000 P1 Q7
—16
1 : : 4 — — —
o' ss: recognise crucial aspect o VK = VA + AB + BK or
— — —
VK = VB + BK

o’ ic: interpret ratio
¢ pd: process components N . N 2
o2 BK = 1BC or fAD or | —1| or

E

N 1
& VK=| -8
—16
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Higher Mathematics

(sQa] 37. Thediagram shows two vectors a and b, with tal =3and 1] =242

These vectors are inclined at an angle of 45° to each other.

(@)

®)

Evaluate G aa
(i} bb
(i) ab
Another vector g is defined by p = 24 + 3b.

Evaluate p.p and hence write down lpl.

Quest

Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 2 C CN | G26 1999 P1 Q17
(b) 4 A/B | CN | G29,G30

1

2

aa=9 and bb=8§
4

ab=6 P
© 180
£ 180

o (2a+3b)(2a+3b)
4a.a+9%.b+12a.b

[sQA]  38. In the square-based pyramid, all the eight edges

are of length 3 units.

— 3 e
AV=p, AD=q, AB=r.
Evaluate p.q+r).

9

(g0

Part | Marks | Level | Calc. | Content Answer U3 0C1
1 C CN | G26 1995 P1 Q16
3 A/B | CN | G29,G26
o' pa+pr : B o "2],4"3]
2 = o . el Lo
B VAD =60 i or equiv. ,. I 2 ‘ ﬂ
> |plg|cos VAD +|p|r|cos VAB 1 "’h‘%_}
I H
I

9
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Higher Mathematics

39. PQRisan equilateral triangle of side 2 units.

Quest

Q
— — —
PQ=a, PR=b and QR=c.
Evaluate @.(b+ ¢) and hence identify two vectors
which are perpendicular. ¢
P : R
b
Part | Marks | Level | Calc. | Content Answer U3 0C1
1 C CN | G26 1997 P1 Q13
3 A/B | CN | G29, G27
o' abtac
@ ab=2x2x}
- a.c=2:~(2x~%-
' 0 and a is perpendicular to (b+¢)
t 2
40. For what value of t are the vectors # = | —2 | and v = | 10 | perpendicular? 2
3 t
Part | Marks | Level | Calc. | Content Answer U3 0C1
2 @ CN | G27 t=4 2000 P2 Q7

ol ss: know to use scalar product
o’ ic: interpret scalar product

ol uov=2t—20+3t
o uv=0=t=4

triangle.

Determine which angle of the triangle is the right angle.

41. A(4,4,10), B(—2,—4,12) and C(-8,0,10) are the vertices of a right-angled

Part | Marks | Level | Calc. | Content

Answer U3 0C1

3 C CN | G27 1989 P1 Q6
—6 -6 -12

1 = — —

o! AB=|-8|BC=|4|AC=| 4
2 -2 0

o ;C1islongcst 50 EE.&=—36+32+4={]

o ABC=90°
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Higher Mathematics

Quest

1 —4
sQa]  42. Find the value of k for which the vectors | 2 | and 3 are perpendicular.
-1 k—1
Part | Marks | Level | Calc. | Content Answer U3 0C1
3 C CN | G27 k= 1995 P1 Q4
1Y 4
do 2| 3 |=0
-TJ\k-1
o Ix-4+2x3+-1k-1)
13 3
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Higher Mathematics

43.

Quest

Diagram 1 shows a christmas tree decoration which is made of coloured glass
rods in the shape of a square-based prism topped by a square pyramid. Diagram

2 shows the decoration relative to the origin and rectangular Z‘
coordinate axes OX,OYandOZ. @~ ... o iV (1,1,3)
2 .: 3em (‘;-"b
5 RUSEE & A v
The vertex F has position vector 5 £ = B
-7) |
1 E 7 em
and the vertex V has position vector . '
3 :
. H
; D G
LI I
2 em E F(2,2,-7)
Diagram 1 Diagram 2
(@) Find
— -
(i) the components of the vectors represented by VF and VE;
(ii) the size of angle EVF. (7)
(b) Tomake the decoration more attractive, triangular sheets of coloured glass
VEF and VDG are added to it.
Calculate the area of the glass triangle VEF. (3)
Part | Marks | Level | Calc. | Content Answer U3 0OC1
(@) 7 C | CR | G28,Gl16 1991 P2 Q5
(b) 3 C | CR |CGD
- A 8 .
@ J yro| 1 () & 1lVExVFsinEVF
~10 o 1x102xsin114°
2
RS 0 10.02
L (1
< VE=| -1
-10

\VEI IVET
- =
. VE.VF=100
~> —r
. IVEI | VF =102
® 11.4°

- =
*"  CosEVF = YEYE g may appear as %{% after the completion of *° and *°.

Questions marked ‘[SQA]" © SQA
Page 29 All others (©) Higher Still Notes




Higher Mathematics

[s0A] 44, Thediagram shows representatives of two vectors, a and b, inclined at an
angle of 60",

Quest

Iflal =2and |bl =3, evaluatea .(a+ b) a
60°
g
b
Part | Marks | Level | Calc. | Content Answer U3 0C1
3 C CN | G29, G26 1992 P1 Q18
' aa+ab
o 2x3xcos60°
03 4
[sQa]  45. Vectors P, q and r are represented A B
on the diagram shown where angle
ADC = 30°. 4 .
It is also given that |p| = 4 and |q| = 3. 500 .

(a) Evaluate p.(q +r) and r.(p — q). D b C

(b) Find |g + r| and |p — q].

Part | Marks | Level | Calc. | Content Answer U3 0C1
(a) 6 B CN | G29, G26 6V3, 7 2009 P2 Q7
® | 2 A | cr | G21,G30 g +7] =28
® | 2 B | CR |G21,G30 p—al =\ (a— 2Ly + (3]

ol ss: use distributive law ol pg+pr

o’ ic: interpret scalar product o’ 4 x 3co0s30°

¢ pd: processing scalar product o’ 6V/3(~ 10-4)

ot ic: interpret perpendicularity ot pr=0

> ic: interpret scalar product o> —|r| x 3cos120°

¢® pd: complete processing o r=32and?

¢’ ic:  interpret vectors on a 2-D ¢’ g+ r = from D to the proj. of A onto
diagram DC

o pd: evaluate magnitude of vector o |g+r| = 37‘/5

, sum O p—g= AC

o’ ic:  interpret vectors on a 2-D
diagram o0 Jp—ql = /(4= 22+ (12(~205)

¢!¥ pd: evaluate magnitude of vector
difference
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[SQA] 46. The sides of this equilateral triangle are 2 units long
and represent the vectors a, b and cas shown.

Evaluate a.(a+b+c). b €
L2
a
Part | Marks | Level | Calc. | Content Answer U3 0C1
1 C NC | A6 1989 P1 Q9
4 A/B | NC | G29, G26

* aa+abitac
** qa=|afacos0
¢ ab=|dbcos60
* ac=|afdcos120
o 4

[sQa] 47. The diagram shows a right-angled isosceles triangle whose sides are
represented by the vectors 4, band c. .
The two equal sides have length 2 units. b
Find the value of b {a+ b +¢)

Part | Marks | Level | Calc. | Content Answer U3 0C1

5 C CN | G29, G27 1991 P1 Q17

* ba+bb+be
« ba=0

*" bb=4

ot H-—-Z\fi

o bhe=4
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Higher Mathematics

48. A is the point (2,-1,4), Bis (7,1, 3) and Cis (-6, 4,2). If ABCD

Quest

is a parallelogram, find the coordinates of D. B
D
A
Part | Marks | Level | Calc. | Content Answer U3 0OC1
3 C CN | G30 1994 P1 Q3
1 AhoOALAT ; s 3 - SR T T T
. OD=0A+AD or equivalent, stated or implied by » . OD = OM+ MD, M is midpoint of AC
2 — -13 - - —F OR 3 = 3
» BC=| 3 | or CB orAB or BA . BM = é
| 0
3 3
. D= (-11, 2, 3) . D=(-11, 2, 3)

49. PQRS is a parallelogram with vertices P(1,3,3), Q(4, —2,—2) and R(3,1,1).

Find the coordinates of S.

Part | Marks | Level | Calc. | Content Answer U3 0C1
3 C CN | G30 1989 P1 Q4
= -3
p . 2 = ; . 3

= (P=|5 *“ R=(3,1,1) and RS=|5 stated or implied by *

5 5

3
= 5=(0,6,6}
[END OF QUESTIONS]
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Higher Mathematics Quest

10.

. If y = x?> — x, show that -2 =1
y = X —x,show that - +

GCC Basic Differentiation
dy Z_y

Given f(x) = 3x?(2x — 1), find f'(—1).

., dy 4
Find Ix where y = 2t Xy/X.

x—1

Find f’(4) where f(x) = N

Given that y = 2x? + x, find Z_i/c and hence show that x <1 + Z—z) = 2y.

Differentiate 2,/x(x + 2) with respect to x.

Calculate, to the nearest degree, the angle between the x-axis and the tangent to
the curve with equation y = x®> — 4x — 5 at the point where x = 2.

The point P(—1,7) lies on the curve with equation y = 5x2 + 2. Find the equation
of the tangent to the curve at I.

Find the equation of the tangent to the curve with equation y = 5x° — 6x? at the
point where x = 1.

16
A curve has equation y = x — W, x > 0.

Find the equation of the tangent at the point where x = 4.
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(sQal  11. Aballis thrown vertically upwards. The height i metres of the ball ¢ seconds after
it is thrown, is given by the formula h = 20t — 5¢2.

(a) Find the speed of the ball when it is thrown (i.e. the rate of change of height
with respect to time of the ball when it is thrown).

(b) Find the speed of the ball after 2 seconds.

Explain your answer in terms of the movement of the ball.

sQa] 12, A ball is thrown vertically upwards.
After t seconds its height is & metres, where h = 1-2 + 19-6t — 4-9¢2.
(a) Find the speed of the ball after 1 second.

(b) For how many seconds is the ball travelling upwards?
sQal  13. For what values of x is the function f(x) = %x3 — 2x% — 5x — 4 increasing?

[sQa]  14. A sketch of the graph of y = f(x) where f(x) = x> — 6x? + 9x is shown below.

The graph has a maximum at A and a minimum at B(3,0).

oA v = f(x)

B(3,0) X

(a) Find the coordinates of the turning point at A.

(b) Hence sketch the graph of y = g(x) where g(x) = f(x +2) + 4.

Indicate the coordinates of the turning points. There is no need to calculate
the coordinates of the points of intersection with the axes.

(c) Write down the range of values of k for which g(x) = k has 3 real roots.
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Page 2 All others (©) Higher Still Notes



Higher Mathematics Quest

[sQal 15, A function f is defined by the formula f(x) = (x — 1)?(x + 2) where x € R.

(a) Find the coordinates of the points where the curve with equation y = f(x)

crosses the x- and y-axes. 3
(b) Find the stationary points of this curve y = f(x) and determine their nature. 7
(c) Sketch the curve y = f(x). 2

[sal  16. A curve has equation y = x* — 4x® + 3.

(a) Find algebraically the coordinates of the stationary points. 6

(b) Determine the nature of the stationary points. 2

[sQa]  17. A curve has equation y = 2x3 + 3x% + 4x — 5.

Prove that this curve has no stationary points. 5

sQa]  18. The diagram shows a sketch of part of the graph of y= X -2x7 +x.

y *
I
1
0 ' -
2 «x
(@) Show that the equation of the tangent to the curve at x = 2is y=5x-8. (4)

(b) Find algebraically the coordinates of the point where this tangent meets
the curve again. (5)
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Higher Mathematics

19. The diagram shows a sketch of a cubic function f
with stationary points at (0, 0) and (2, 4).
Sketch the graph of the derived function f*.

20. The diagram shows the graphof y = f(x), where -2 <x <3,

On separate diagrams, sketch the graphs of

@ y=—flx);
& y=f{x).

Quest

¥ A
2,4
y=f(x)
0 3\ «x
y h
2 y=f(x)
—2/ 0 2 x
[END OF QUESTIONS]
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GCC Basic Differentiation
d 2
1. If y = x* — x, show that Y14+,
dx X
Part | Marks | Level | Calc. | Content Answer U1 0C3
1 C NC | C1 1989 P1 Q12
2 A/B | NC | A6, CGD
1 d
o F=2x-1
2
X =X
o RHS=1+ i—]
X
o 1+2(x—1) and complete
2. Given f(x) = 3x?(2x — 1), find f'(—1).
Part | Marks | Level | Calc. | Content Answer U1 0C3
3 C NC | C1 1999 P1 Q5
o 6::3 —3.1:2
o 1812 -6x
o 2
d 4
3. Find % where y = 2T x\/x.
Part | Marks | Level | Calc. | Content Answer U1 0C3
4 C NC | C1 1995 P1 Q7

o' 4x stated or implied by »°

. +x% stated or implied by o

Page 1
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Higher Mathematics Quest
seal 4. Find f'(4) where f(x) = i 1.
VX
Part | Marks | Level | Calc. | Content Answer U1 0C3
5 C NC | C1 1996 P1 Q9
L g 5 % 3 g4
. - or xxx *-1Ixx v x
o 2
P 4 171
. ye oy - 3*
o 5
16
seal 5. Given that y = 2x° + x, find I and hence show that x 1+ ol 2y.
Part | Marks | Level | Calc. | Content Answer U1 0C3
3 C NC | C1 1997 P1 Q8
o % =4x+1
o LHS=x{1+4x+1) or RHSzZ[sz +x)
. completes proof
sQal 6. Differentiate 2+/x(x 4 2) with respect to x.
Part | Marks | Level | Calc. | Content Answer U10C3
4 C NC | C1 1998 P1 Q14
' know toexpand
d 2yt ey
G At
4 oyt
sQa] 7. Calculate, to the nearest degree, the angle between the x-axis and the tangent to

the curve with equation y = x> — 4x — 5 at the point where x = 2.

Part | Marks | Level | Calc. | Content Answer U1 0C3
4 C NC | C4,G2 1989 P1 Q13
1 dy 2
- E = 31 = 4-
o
dex=3 8
3
=" tanf=8§
.4 83°
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Higher Mathematics Quest

sQa] 8. The point P(—1,7) lies on the curve with equation y = 5x? + 2. Find the equation
of the tangent to the curve at P.

Part | Marks | Level | Calc. | Content Answer U1 OC3
4 C NC | 4,G3 1999 P1 Q9
J
=
o 10x
o 10
o y-7=-10(x-(-1)

sQa] 9. Find the equation of the tangent to the curve with equation y = 5x> — 6x? at the
point where x = 1.

Part | Marks | Level | Calc. | Content Answer U1 0C3
4 @ NC | C4,G3 1992 P1 Q1

o'y =158 - 12x

o y()=3

o y(1)=-1

oy =3Gx-1)

(sQal  10. A curve has equation y = x — %, x> 0.

Find the equation of the tangent at the point where x = 4.

Part | Marks | Level | Calc. | Content Answer U1 OC3
6 C CN | C4,Ch y=2x—12 2001 P2 Q2
e! ic: find corresponding y-coord. ol (4,—4) stated or implied by e°
o2 ss: express in standard form 2 _1px 12
o3 ss: start to differentiate 3 Z_Z —
ot pd: diff. fractional negative power ot ... 4+ 8x 3
¢° ss:  find gradient of tangent 5 1y =2
6 ;. : =
o® ic: write down equ. of tangent 6 y—(—4) =2(x—4)
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Quest

(sQal  11. Aballis thrown vertically upwards. The height i metres of the ball ¢ seconds after
it is thrown, is given by the formula h = 20t — 5¢2.

(a) Find the speed of the ball when it is thrown (i.e. the rate of change of height

with respect to time of the ball when it is thrown).

(b) Find the speed of the ball after 2 seconds.

Explain your answer in terms of the movement of the ball.

Part | Marks | Level | Calc. | Content Answer U10C3
(a) 1 C | NC |Ce 1995 P1 Q21
(@) 2 | A/B | NC | Cé6
(b) 2 | A/B| NC [ A6
! knows to differentiate
< 20-10t
20
o speed = D
o ball stationary at top of flight

(sQa] 12, A ball is thrown vertically upwards.
After t seconds its height is & metres, where h = 1-2 + 19-6t — 4-9¢2.

(a) Find the speed of the ball after 1 second.

(b) For how many seconds is the ball travelling upwards?

Part | Marks | Level | Calc. | Content Answer U10C3
(@) 1 C | CN | Cs C6 1998 P1 Q17
(@) 2 | A/B | CN | C6,Cé6
) 2 | A/B | CN | C6,C6
T G Alternative

- : p _ —
3 . % = =" hit) is a parabola which is symmetric
-3 1608 I aboutits maximum
S 08 L J— ¢ (eg) W1=15.9, K2)=208, K3)=159
so t=2
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Quest

13. For what values of x is the function f(x) = %xe’ — 2x% — 5x — 4 increasing?

zerosatx=5 and x=-1

strat. eg.for —1<x<5test x=0

xr<=1, x>5

Part | Marks | Level | Calc. | Content Answer U1 0C3
2 C NC | C7 1990 P1 Q16
3 A/B | NC | C7

o f)=x’-4x-5

2 se flx)=0

Page 5
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Higher Mathematics

Quest

[sQa]  14. A sketch of the graph of y = f(x) where f(x) = x3 — 6x2 + 9x is shown below.

The graph has a maximum at A and a minimum at B(3,0).

Y1 A

y = f(x)

B(3,0) X

(a) Find the coordinates of the turning point at A.

(b) Hence sketch the graph of y = g(x) where g(x) = f(x + 2) + 4.

Indicate the coordinates of the turning points. There is no need to calculate
the coordinates of the points of intersection with the axes.

(c) Write down the range of values of k for which g(x) = k has 3 real roots.

Part | Marks | Level | Calc. | Content Answer U1 OC3
(a) 4 C | NC [Cs8 A(1,4) 2000 P1 Q2
)] 2 C NC | A3 sketch (translate 4 up, 2

left)
() 1 A/B | NC | A2 4 <k<8
o' ss: know to differentiate ol Z_Z = ...
oi pd: differentiate correctly o W32 12y 49
04 ss: know gradient = 0 o3 332 —12x+9 =0
o pd: process ot A=(1,4)
5 . . .
* }nterpret tr ansformat}on translate f(x) 4 units up, 2 units left
o ic: interpret transformation
o ® sketch with coord. of A’(—1,8)
o ic: interpret sketch ¢ sketch with coord. of B'(1,4)
o/ 4 <k < 8(acceptd <k <8)
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Quest

[sQal 15, A function f is defined by the formula f(x) = (x — 1)?(x + 2) where x € R.

(a) Find the coordinates of the points where the curve with equation y = f(x)

crosses the x- and y-axes.

(b) Find the stationary points of this curve y = f(x) and determine their nature.

(c) Sketch the curve y = f(x).

Part | Marks | Level | Calc. | Content Answer U1 OC3
() C NC | A6 1990 P2 Q1
) 7 C | NC | C8
©) C | NC | C10
(ﬂ) .l x= 1‘. = 2

 (1,0) and (-2,0)
< 02
B o fy=x"-3x+2
¢ f(n=3x-3
o f(x)=0 stated explicitly
o x=1 and -1
B T AE T T A
fix) + 0 - - 0 +
' maxat(-1,4)
% min at (1,0)
(© o' correct shape of sketch
o' correct annotation of sketch(max, min, 2 axes intersections)
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Higher Mathematics

[sal  16. A curve has equation y = x* — 4x® + 3.

Quest

(a) Find algebraically the coordinates of the stationary points.

(b) Determine the nature of the stationary points.

Part | Marks | Level | Calc. | Content Answer U1 OC3
(a) 6 C NC | C8 1996 P2 Q1
(b) 2 C NC | C8

1 dy _
(a) o ==
o 4x3 -‘12:vr2
> =0 stated explicitly
o eg 4x(x-3)
@ x=0,3
o y=3,-:
W oz 0w s
-'g- 0 g
o pt of inflection atx =0
minimum at x = 3
[sal  17. A curve has equation y = 2x3 + 3x% + 4x — 5.
Prove that this curve has no stationary points.
Part | Marks | Level | Calc. | Content Answer U1 OC3
2 C NC | C8,C7 1999 P1 Q16
3 A/B | NC | C8,C7
d
ol Ey=""" OR ¥ %=
A o ex6red

P E.g. ubz - 4ﬂ.cf! e
! ~60 or —15 (from 3x%+3x+2)

*’ A negative so no st. points

= cg. complete square......
o 5=6{1+%]2+2%

+7 5223 sonost. points
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sQa]  18. The diagram shows a sketch of part of the graph of y= X -2x%+x.

y *
I
1
O I B, .
2 x
(a) Show that the equation of the tangent to the curve at x = 2is y=5x—8. 4)

(b)) Find algebraically the coordinates of the point where this tangent meets

the curve again. (5)
Part | Marks | Level | Calc. | Content Answer U2 OC1
(a) 4 @ NC | C4,G3 1995 P2 Q2
(b) 5 C NC | A23
@ 1 ﬁ:
dr
o 32 —4x+1

L) Myo2 =5
o y-2=5(x-2)

® 2 equate ‘y's

f P2 —4x+8=0
*  eg. synthetic division
*  theappearance of:
:2-—-4
2
or x —-4x+4
or 2
or -2,2,2

¢ x=-2, y=-18
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Higher Mathematics

19.

Quest

The diagram shows a skeich of a cubic function f y @4
with stationary points at (0, 0) and (2, 4). y
Sketch the graph of the derived function f*.
y=f(x)
0 3\ X
Part | Marks | Level | Calc. | Content Answer U1 OC2
2 C NC | A3,C11 1990 P1 Q11
1 A/B | NC | A3
' know that there are exactly two zeros
> 0 and2
° any parabola with max t.p. of N
20. The diagram shows the graphof y = f(x), where -2 < x<3. ¥t
On separate diagrams, sketch the graphs of 2 y=f(x)
@ y=—f(x};
@) y=f.
_7 O 2 5
Part | Marks | Level | Calc. | Content Answer U1l 0C2
(a) 2 C NC | A3 1991 P1 Q9
)] 3 C NC | A3,C11
o for correct shape - ¥
2 for annotation
S poy=0
P fi2)=0
»* for correct shape
[END OF QUESTIONS]
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