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Abstract

The time-domain dual boundary element method (TDBEM), due to its
single-region feature, has been successfully used for simulating crack growth
problem M. However the previous work pay little attention to weakly singular
integration in TDBEM, which may result in error about several percent ̂ . To
improve the accuracy of numerical integration, first, the quadratic or biquadratic
equations have been derived to find out weakly singular points in an elerm nt,
and the element is divided into several integration sections according to he
singular points. Each section only has one singular point at the end. Then, a
function transformation has been introduced into weakly singular integration of
each section to eliminate the singularity. The method is turned out to be simple
and the effort needed in programming is little. To show that the whole procedure
is correct, a comparison of calculation results with experimental data has b< en
carried out. The experimental data on polystyrene crack growth given by
Papadopoulos ̂  have been chosen as the original data, and they have be en
carefully analyzed by using the elasto-plastic FEM and simulating the cau; tic
method. The results revealed that if the size of plastic zone around the crack tip
has the same order with measured spot, the stress intensity factors (S F)
calculated by elastic formulation will deviate from the real values significantly,
and have to be corrected. Finally, after comparing SIFs from TDBEM \\ith
experimental data, it shows that these two results are in good agreement.

1 Introduction

The initiation, propagation and bifurcation depend on the magnitude <. nd
distribution of the stress and strain around the crack tip. Under condition of sir all
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14 Boundary Elements

yield range, the stress and strain fields are controlled by the dynamic stress
intensity factor.

In numerical analysis of fracture problem, limitation of finite element
method to solve the problem of crack growth is that the growth path of crack
should be known in advance, or re-meshing is necessary during the computation,
which makes FEM unpopular in crack growth problems. Boundary element
method, on the other hand, only needs meshing on the boundary of domain and
the crack faces. When a crack is propagating, it is enough to add new elements to
the crack tip.

A number of BE methods have been proposed to simulate the dynamic
crack growth by researchers. Among them, Kollor et al. ̂  employed BEM to
study the growth of semi-infinite crack at constant velocity. Gallego and
Dominguez ̂  simulated crack growth by using moving singular crack element
and re-meshing on boundary. Fedelinski et al. ̂ ^ proposed time domain dual
boundary element method. They took cracked body as a single region and
divided boundary including crack faces into elements. This method is more
convenient than above methods in calculation of crack growth.

In this paper, TDBEM has been applied in crack growth at non-uniform
velocity, and the accuracy of weakly singular integration in TDBEM has been
improved by introducing function transformation.

To show the capability of TDBEM to solve dynamic crack growth at non-
uniform velocity, the comparison between the results of TDBEM on crack
growth and the experimental data is given. First, experimental data given by
Papadopoulos ̂  has been analyzed by finite element method. It is found that the
dynamic stress intensity factors K* given in that paper are larger than they

should be, because the size of crazing zone has the same order of that of caustics
and its effect on stress field of crack tip is no longer negligible. Then,
mcdifications of the dynamic stress intensity factors are carried out according to
the result of FEM simulation on caustics. Finally, comparison between the
solution of TDBEM on crack growth and modified experimental data has been
carried out.

2 Numerical formulation of TDBEM on dynamic crack growth

2.1 Discretization of boundary integration equations

The discretization of both space and time is required in numerical
calculation. The boundary S of the body is divided into M boundary elements
with Z nodes in each element. The observation time f is divided into TV time steps
wilh equal time interval. The temporal variation of boundary quantities is
specified by H value within the time step. The crack propagation is simulated by
adding new elements ahead of the crack tip. At a given time, the number of
elements is denoted by M(n) = M^ + M̂ (n), where M^ is the initial number

of elements and M̂ (n) is the number of newly formed elements during crack

growth. The displacements and traction are approximated by interpolation
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Boundary Elements 15

function N*(g) in each element and time step by interpolation function M*(r).

After approximations, displacement and traction equations can be written as

•N H M Z
c'u» =yyyy

and

(1)

•,/ = l,2,-L,

J'J j;,X"(̂
L

where L^ and Z^ ̂  the numbers of collocation points respectively, for which

the displacement and the traction equations are applied. L = £, + L^ is the total

number of nodes. J* is the Jacobian and ^ is the local coordinate

(-!<£<!). The numbers of nodes, namely I, ,L, andZ, increase with ihe

crack growth. Once the positions of nodes are determined, they no longer vary
with time. It should be noticed that the integrands in Equation (2) contain the

expressions 1/̂ /1-̂  , which are weakly singular at the front of the wave, :'.e.

when ^ -> 1 [''*).

2.2 Evaluation of the weakly singular integration

2.2.1 Search for the singular point in local coordinates

When a wave front arrives at an element, the local coordinates of the points,
where the wave front are located, can be determined by

K = cf (3)

where R = ̂ (x - x^ J + (y - y^ ) , and x^, y^ denote the coordinates of

collocation point, x, y are the coordinates of a point in the element, and they can
be expressed by local coordinates:

,4)

where N,(g) are the interpolation functions, and £ is the local coordinate of

any point in the element.
Using the following notations:

                                                             Transactions on Modelling and Simulation vol 24, © 1999 WIT Press, www.witpress.com, ISSN 1743-355X 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           
 
 
                                                                                  
 
                                                                      
 
                                                                                  
 
 
 
 
 
 

                            
                                                                                  
                                                                                  
                                                                                  
 
 

 
                                                                                                                                         
                                                        

 
                   

 
 
 



16 Boundary Elements

Equation (3) can be written as:

(A?

(5)

= 0
(6)

Suppose that the boundary of the element is straight. Therefore, the global
coordinates are linear functions of the local coordinates, i.e. both A and C are
equal to zero, thus the equation to obtain £' is reduced to a quadratic one

+2[(x, - -y,)D)g
(7)

the local coordinates of the wave front in the element can be got by equation (14),
if the solution falls into the range (-1, 1). However, if the wave front arrives at a
straight singular element, in which both A and C is not equal to zero, the
equation becomes complicated. Let A is not equal to zero. B/A=D/C= /) (if C # 0 )
since all singular elements are assumed to be straight ones. Then, equation (13)
can be rewritten as

(A* +2[A(x, -
(8)

the roots of the above equation can be found by solving quadratic equations
twice. To get the local coordinates of the wave front in the singular element, only
these values which falls into (-1, 1) are kept, and the rest are discarded.

2.2.2 Decision of the integral interval

Fig. 1 Wave front in an element

After the singular points are found, integral intervals should be carefully set.
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Boundary Elements 17

Suppose that two wave fronts have reached at an element EF in Fig. 1, die
element is divided into five intervals.

Among five intervals: There is no singular point in EA\ There is one
singular point at A in AC\ There are two singular points at C and D in CD; There
is one singular point at B in DB\ There is no singular point in BF. The CD section
is further divided into two parts in order to make integration more convenient.
Thus, all integral intervals can be classified into three kinds: (I) there is no
singular point; (II) only lower limit of integration is singular; (III) only upper
limit of integration is singular.

2.2.3 Evaluation of integration

Numerical integration can be easily evaluated by standard Gauss integral
method if the integration interval has no singular point. However, when the low
or upper limit of integration is weakly singular point, the accuracy of integration
will be greatly affected if it has not been treated before numerical integration. By
using function transformation x - sin(y), the weakly singular integration can be
expressed as follows:

where g(£) is a function without singularity in (£',£"). If the lower limit of

integration is singular, that is, £*=£', £ = <f + l-sin>> in the right side of

expression (9). If the upper limit of integration is singular, i.e., £*=<;",

£ = £* - 1 + sin y in the right side of expression (9). Then, a good result for the

above integration can be obtained by applying the conventional Gaussian
quadrature.

2.3 BEM simulation of dynamic crack growth

According to Fedelinski^, after discretization and integration, the matrix
equation is obtained for time t, which is after Ntime steps

-#""*") (JO)
n=l

New matrices, A™,B™, can be obtained by rearranging matrices

jfMf^QW according to boundary conditions. Matrix A™ times unknown

displacement and traction vector x" , and matrix B™ times known

displacement and traction vector y™ . Since matrices H"",G"" depend on the

difference N - n , it is followed that A = A™ . Therefore

-H'*'u'') (il)
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Boundary Elements

Contrary to the case of a stationary crack the matrix A is not constant. New
rov/s and columns should be added at each crack increment, but the elements in
the origin A remain unchanged. If matrix A has been discomposed, only newly
formed rows and columns need to be discomposed.

Dynamic stress intensity factor at each time step is computed by the method
similar to that in reference [2].

3 Analysis and treatment of experimental data

Experimental data on dynamic crack growth of polystyrene given by
Papadopoulos ̂  are adopted in this paper. In reference [5], caustics were used to
measure the dynamic stress intensity factors in the test. The material properties
of polystyrene are: E = 2.2GPa , v = 0.3 , <jy = 36MPa ™. By rough estimation,

if Kj = 3MPaVm , the size of crazing zone R^ = (K, 10,)* /(3n) ~ 0.001mm ,

which is the same order as that of caustics D ~ 0.004mm. Therefore, the
formulation (1) in reference [5] derived from perfect elastic materials may not be
suitable for the case. In order to get the correct DSIFs, the finite element method
is employed to analyze elasto-plastic crack, and the caustics are simulated to get
the modified formulation for the case.

3.1 Finite element analysis for elasto-plastic crack

Considering a crack of mode I in elasto-plastic body, yielding takes place
on>y within a very small zone around the crack tip. Displacement field around
the crack tip is controlled by stress intensity factor. The size of outer boundary of
FEM domain is taken as 30 times of plastic deformation zone so that condition of
small range yielding can be satisfied.

In order to guarantee the accuracy of stress and strain fields around the
creek tip, the size of smallest element is taken as 1/10000 of the domain. The
number of all elements is 2000 in the solution domain.

The symmetry conditions of the crack of mode I can be written as

o-,,(f,,*2 = 0) = 01
k *, >0 (12)

which can be applied to the nodes in front of crack tip. Traction free boundary
conditions are applied to the crack surfaces.

The von Mises yield criterion and isotropic hardening are used to model the
elasto-plastic material.

In caustics, a shadow can be generated by reflection of light on a deformed
surface. The diameter of the caustics is then related to stress intensity factor. In a
view of mathematics, the caustic is a mapping from deformed surface to
reference surface (Fig. 2).

Let (jc,,̂ ) be a coordinate system on deformed surface of specimen, and

the origin is at the crack tip. The deformed surface of specimen refracts light
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Boundary Elements 19

•X-

Shadow
spot

light

J_Û ±

Reference
surface

Deformed
surface

Figure 2. Shadow spot in caustics

onto coordinate system (X̂ X̂ ) on reference surface. Let ẑ  be distance

between deformed surface and reference surface. The mapping from (x̂ x̂ ) to

(X̂ Xj) is given as follows:

where û (x̂ x̂ ) is x^ displacement of deformed surface, and subscript a

denotes lor 2.
The process of simulation on caustics can be summed up as follows:

Displacements of deformed surface and its mapping on reference surface are
calculated from the elastic and elasto-plastic solutions of crack problem usmg
FEM, and transverse diameters of shadows for both elastic and elasto-plas tic
materials are obtained. Thus, the ratio of two stress intensity factors
corresponding to the two materials is obtained, R = K'I Kj, where K' is die

SIF calculated by elastic solution and £, is the SIF calculated by elasto-plattic
solution with the same diameters of caustics.

3.2 Treatment of experimental data

- 4 - 2 0 2 4
X(mm)

°4

:W

•:* £"-
-2 0 2

X(mm)

Figure 3: Caustics simulated: a) elastic material, b) elasto-plastic material

According to the conditions in the experiment of Papadopoulos ̂ \ 'he
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20 Boundary Elements

simulation of the caustics is carried out from 2 MPavm of SIF to 4 MPavm .
Figure 3a and 3b show caustics of elastic and elasto-plastic materials

respectively when SIF is 3 MPavm . It is apparent that the caustic size of elasto-
plastic material is much larger than that of elastic material. Figure 4 shows that
Ratio R varies with SIF K^. The results show that when the size of nonlinear zone
is not small enough to be able to be omitted, the error will be quite large if the
data are still treated by elastic formulation. Figure 4 indicates that SIFs from the
elastic results are several times of those from elasto-plastic results.

5r

' FEM result
Fitted by polynomial

R=0.60582+1.11464Ki-0.07575(KO*

2 3 4

Stress Intensity Factor K, (MPa-m

Figure 4: Ratio R varies with SIF

4 Comparison of results

Boundary element method simulation on dynamic crack growth of
polystyrene has been carried out in terms of geometry of specimen, loading,
properties of material and velocities of crack growth in Papadopoulos'
experimental

25°|

50mm

Thickness
d=0.25mm

220mm

2
a (cm)

Figure 5: Geometry and boundary Figure 6: Experimental and computatinal
results
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Boundary Elements 21

The geometry of polystyrene specimen is 0.22 x 0.05 x 0.00025 m with a
V-cut in the middle of an edge. Upper boundary is fixed, and the other side is
subjected to traction with strain rate s = 10s"'. The velocities of crack growth
are taken from the data of Papadopoulos ̂ . Dynamic stress intensity factors
(DSIFs) are modified using the method mentioned above. Fig. 6 shows rhe
comparison between experimental results and computational results. They agree
quite well

5 Conclusion Remarks

In this paper time domain dual boundary element method has been studied
and applied to the simulation of crack growth with non-uniform velocities. Finite
element method has been used to analyze the stress and strain fields around he
crack tip and the caustic method has been simulated to get the correct values of
the dynamic stress intensity factors for the material of elasto-plastic. The results
show:
1. Weakly singular integration method proposed in this paper is suitable to the

straight-line elements in time domain dual boundary element method. High
accuracy is achieved and the programming is quite simple.
2. TDBEM is suitable to simulate the crack growth with non-uniform

velocities.
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